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Abstract

This primer offers a hands-on accessible guide to writing and estimating struc-
tural models. We review commonly-used methodologies, including dynamic pro-
gramming, maximum likelihood, generalized and simulated method of moments,
conditional choice probabilities as well as tools to compute standard errors and com-
mon diagnostics and tests of economic hypotheses. Special attention is devoted to the
bootstrap as a convenient toolbox to estimate complex economic interactions. The
methods are illustrated with recent developments in earnings management, auditing,
investment, conservatism, and financial disclosures. Intuition and applications are
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Structural estimation refers to a class of empirical models in which the economic as-
sumptions describing decision problems are formally stated and used to mathematically
derive the empirical model. The method has seen unprecedented growth in accounting,
having the potential to answer questions of causal inference that are difficult to answer
with traditional reduced-form modelling (Bertomeu, Beyer and Taylor 2015, Gow, Lar-
cker and Reiss 2016). Continuing progress in developing theories more amenable to
describe real data and a trend toward more efficient computing, but also the wide body
of knowledge established from its use in other areas of the social sciences including eco-
nomics, finance and marketing, provide opportunities to draw new empirical and theoret-
ical insight from the method.

While this monograph will be primarily focused on developing practical tools, it is
nevertheless useful to reflect on the fundamental premises that underlie what the method
intends to achieve. As in the natural sciences, structural modelling postulates the existence
of stable laws governing economic reality. These laws are expressed mathematically (i.e.,
a set of equations) as a function of both observable and unobservable factors. However,
unlike, for instance, the law of universal gravitation, economic laws are highly complex,
potentially involving a large number of unobservable variables. A full apprehension of the
underlying law is impossible and even useless, for the same reason a full scale map would
be useless (Borges 1998). Hence, the structural approach formulates stylized (miniature)
representations of the underlying laws which —despite their stylized nature— are expected
to shed light on a specific, but hopefully important, aspect of economic reality. Assump-
tions are needed to isolate and characterize the causal impact of a single factor.

As Cartwright (2007) notes, the stylized nature of the theory, understood as a devia-
tion from descriptive realism, is part of the research paradigm. Indeed, the high degree of

idealization is essential to the ability of the model to reveal the real Wortbegin,the

1The problem is the presence of “false assumptions” that provide internal validity but distort our deduc-
tions, something that, according to Cartright, pervades economic modelling. She argues that in economics
we achieve empirical identification via assumptions that are not widely accepted, such as the principles of



researcher formulates a theory model, consisting of a set of assumptions. As Marschak
(1974) puts it, a model is “1) a set of relations describing human behavior and insti-
tutions, as well as technological laws, and generally involving non-observable random
disturbances and non-observable random errors in measurement, 2) the joint probability
distribution of these random quantities.” These assumptions are sufficient to generate a set
of empirical predictions which, when the model is identified, are sensitive to the model’s
parameters. The model’'s predictions are thus contrasted with their empirical analogues,
via statistical analysis, to produce parameter estimates.

For some questions, this approach offers several advantages relative to non-structural
approaches. In his memorial Lectures, Koopmans (1975) argues that “the decision not
to use theory of man’s economic behavior limits the value to economic science and to
the maker of policies, of the results obtained [by empirical methods].” First, the model
imposes restrictions on the data that satisfy sound economic principles, requiring the re-
searcher to be explicit about what is assumed or ruled out. These assumptions discipline
the analysis enforcing coherence throughout the study, which is hard to implement in the
absence of formal theory, as this often leads to a situation where each hypothesis relies on
a different set of potentially inconsistent assumptions.

Second, because the model aims to identify economic primitives that are exogenous to
the mechanisms of the model, the researcher can answer “what if” questions and evaluate
the consequences of such changes to the environment (also known as counter-factuals).
The objective is to estimate primitives, defined as parameters that are invariant to changes
in other parameters or policies within the scope of a research problem, and serves to guide
policy makers interested in understanding the effect of policy changes (e.g., the effect of

minimum salary on unempjonent).

utility theory, butad hocand controversial. Structural models are also an opportunity to address this crit-
icism by making explicit what the assumptions are, and, for suitable datasets, allow for departures guided
by empirical evidence, i.e., violations of Bayesian updating, behavioral biases, or preferences other than
standard expected utility.



Third, there is no other approach that can offer a complete empirical description of
an economic model: as a scientific exercise, this approach is an effort to quantitatively
uncover (an aspect of) laws organizing the data. Since all theoretical implications are
spelled out, this approach often allows us to reject theories that are not consistent with the
data, even if on the surface they might seem so. Thus, the structural approach satisfies
the riskiness criterion that Popper (2014) highlights as the defining feature of a genuine
science: a structural model typically offers many experiments that can (and often) lead
to the rejection of the underlying theory. This is important: one of the benefits of the
structural approach is that, as a researcher, one is never left empty-handed: rejecting a
meaningful theory is itself an important discovery that requires creativity and often leads
to new and more realistic theories.

The problem of using data to quantify the predictions of economic models is, of
course, not new. Stepping outside of social sciences, almost all models in the hard sci-
ences are structural. Models of epidemiology, for example, are based on assumptions
about the spread of infectious diseases; in physics, models of particles satisfy primitives
about the standard model. Likewise, in macroeconomics, authors have used structural
models to pin down the effect of monetary and fiscal policy long before it was realistic or
computationally feasible to use statistical methods (Kydland and Prescott 1982). Rather
than a tool, structural models are a philosophical viewpoint using theory to organize data
starting from assumptions about laws of nature.

Having noted these broader objectives, the monograph aims to provide an introductory
primer to researchers interested in incorporating structural models into their analysis. The
essay is designed for researchers with little or no prior knowledge of structural models,
and with the objective to make technical barriers to entry into this literature no greater than
in other theoretical or empirical exercises. The emphasis is on adequate use of the meth-
ods in applied work. Readers interested in these issues will find many textbook references

in text with various developments, formal analyses and proofs. While most examples are



drawn from accounting research, many of the methods can be (and have been) applied
more generally to other related areas such as finance, marketing, and economics.

A theme developed throughout is that substance is more important than form. By sub-
stance, one means bringing into the model economic mechanisms or questions that were,
prior, not fully resolved by theory or reduced-form empirical work. Tools can help answer
aricher question but are always means to an end. Itis rare to find a “better” tool that does
not have its own limitation. A larger model, i.e., which includes more economic trade-
offs, can be more obscure, require more technical assumptions, be less computationally
stable or hard to replicate, and require more data. An asymptotically more accurate es-
timator may be more sensitive to misspecification and unnecessarily complicated when
simpler approaches are sufficiently precise for the question of interest. In summary, a
better model is not a more general model, but one that gives a persuasive robust answer
to the question after consideriad) technical and empirical challenges. To this effect, the
objective is to develop a set of methods that can be applied over a variety of contexts, so
that one may choose the simplest more transparent tool for the question.

Whited (2021) offers the following common objectives for a structural model, ranked
from harder to easier for typical applications. The first objective is to estimate the param-
eters of interest to understand an empirical setting. The second objective is to falsify a
theory in order to help find a better theory. The third objective is to run counterfactual
“what if” exercises if a particular course of actions were undertaken. To these important
functions, we add a fourth broader objective that subsumes all three: to provide scientists
with a plausible and internally-consistent representation of economic reality that unifies
theory and data.

The first objective is probably the most difficult. Most structural models in social sci-
ences do not aim to offer a descriptively accurate representations of an empirical setting.
They are simplifications to reduce a complex set of interactions to important first-order

considerations. The interpretation of estimated parameters is usually not as primitive



laws of nature but in terms of their implications about decision-making. Nevertheless,
for classic models of broad general interest, certain parameters may be economically
meaningful even in a simplified model. For example, the estimated bankruptcy cost and
cost of external finance in Hennessy and Whited (2007) are parameters fundamental in
Modigliani-Miller theorems, learning about managerial ability is fundamental in theories
of endogenous turnover (Taylor 2010), the frictions to unravelling in Bertomeu, Ma and
Marinovic (2020) are foundational in disclosure theory, and the cost of shirking estimated
in Gayle and Miller (2005) underlie all agency theory.

The second objective usually takes the form of assessing the fit of a model or com-
paring a model against another. It is a scientific process to identify areas of disagreement
between model and data in order to guide model choice and potential improvements. In
asset pricing, the equity premium puzzle of Mehra and Prescott (1985) led to considerable
innovation in model building incorporating richer preferences and types of risks. But as-
sessing theory using a structural model is subject to caution because test statistics used for
model diagnostics are joint tests of economic assumptions and many ancillary technical
assumptions, such as functional forms and unobserved heterogeneity.

The third objective is to offer a quantitative assessment of the economic consequences
of a policy decisionthat has not yet been madead, hence, for which data does not
exist. A regulator may wish to assess the effect of a change in regulation which, with
reduced-form analysis only, would require to conduct randomized trials. Taking aside
the potential costs and fairness of such experimentation, for many firm-level questions in
accounting, randomized trials are infeasible because all firms are inter-connected and an
experiment on one set of firms would affect other firms held as controls. Structural mod-
els do not provide the same level of certainty asdeal randomized trial, but they are
the only tool available to conduct such policy “what if” experiments when experimenta-
tion are unavailable. Indeed, random assignments can be less effective at providing useful

counter-factuals than a structural model when the random assignment destroys choices



made empirically (for example, signalling or information acquisition) and no longer rep-
resent the same environment (Hennessy and Chemla 2022)

The process of writing a structural model is unusual compared to other methods be-
cause it involves a back and forth dialogue between theory and data. This process can
be daunting and, without organization, may involve restarting a project multiple times
and wasting valuable insights because of unclear diagnostics on the parts of the model
that work versus those that fail. Hence, some researchers may find it useful to organize
a workflow to decompose the analysis into smaller steps and features decision points that

require revision to parts of the model or the method used to resolve it.

Step 1. Know the available datdUnlike traditional theory, not all questions will be
answerable with a structural model because identification, a problem that we discuss in
more detail later on, is a function of the information contained in the data. The structural
model will draw connections between observable and unobservable empirical elements
so, ideally, the objective is to identify which data elements should be in the model, what
the research question is about and, critically, whether the data will be likely sufficient to
answer this question.

To know the data, a useful preliminary step is to approach the question as one to be
answered in reduced-form. At this preliminary stage, the researcher is using qualitative
models but placing structure only on observables and noise terms, not on the original de-
cision problem. To what extent can the question be resolved from features of the data?
Are there stylized facts suggesting that the theory is plausible? What theories are thor-
oughly incompatible with these stylized facts? The objective of this critical first step is to
limit the question to structural models suitable to the empirical sample: these problems
are usually at the intersection of stylized facts suggesting that the theory is adequate but

with open questions unanswered by the reduced-form analysis.



Step 2: Write a preliminary theoretical modeksually (but not always) by simplifying
a theoretical bookshelf model from the relevant theoretical literature. This model need not
all have all the checks and balances of a theoretical model because, unlike formal theory
which aims to be used conceptually across applications, its analysis will be facilitated
by institutional details in a sample. However, the model should capture the important
empirical observables and contain a plausible first-order effect.

This step is often the most misunderstood in structural models. Like any scientific ex-
ercise, the modeler aims to offer an improvement over our current understanding but is not
considering a realistic or complete description of all forces. Therefore, the model is not an
attempt at realism; in fact, orthogonal error terms in the statistical model will serve to cap-
ture factors that were omitted from the analysis. The preliminary model serves to organize
these thoughts into a set of coherent forces and provides the researcher with a conceptual
understanding of how the model organizes the data. As an example of this approach,
Bertomeu et al. (2020) estimate the static disclosure model in Dye (1985) and Jung and
Kwon (1988) before overlaying a full multi-period model with endogenous learning about

disclosure frictions.

Step 3: Solve the modeither numerically or analytically, and check the main quantita-
tive properties of this model against related features of the data. Usually, the requirement
for a model to be amenable for structural is that its variables should not be too stylized
and that quantities correspond to those observed. For example, a model with high-level
implications about the social value of information and with discrete outcomes may not
be well-suited to continuous data in a narrow institutional setting. To know if a model
Is amenable for structural analysis, a good question to ask is: how many ad-hoc addi-
tional assumptions or data interpretations are required to map theoretical constructs into
empirical ones?

When using full-solution methods, the model should be solvable in reasonable time,



robustly over many parameters without manual adjustments. The time required to solve
the model may also guide the appropriate estimation method: a model that is quick to
solve can always be estimated by minimizing a distance between simulated model fea-
tures and data features. In a typical estimation, the model will be evaluated over many

parameter values, so a robust solving algorithm is often required.

Step 4: Revise the mode capture first-order effects that may not be theoretically
interesting, in that they may not bring new intuition, but whose interactions with the
research problem may substantively affect the estimation. Naturally, the problem here is
not to model all possible realistic forces (hence, the important word “substantively”) but
to think about components with essential interactions.

Is the problem irreducibly dynamic or can the first-order effects be seen in a static
model, possibly using different data subsets? Are there observable firm characteristics
endogenous to the forces of the model? Is there unobserved heterogeneity that should be
written down in the model? A bigger model is a not a better model, because incorporating
more elements also involves making additional assumptions and may require more data.
Hence, this step should focus on the elements that are feasible and essential to use the

model in an empirical setting.

Step 5: Ensure that the revised model can be solved, or has useable restrigti@ns
exists two approaches to estimating structural models that we will discuss in greater detail
in text: (5a) solve the model completely (full solution methods) and derive either the data
likelihood or moments according to the model - in the latter case, if the model restrictions
are not in closed-form, these model moments can be obtained by simulating data from the
model; (5b) write theoretical restrictions from the model, which usually are constraints
on the decision problems individuals solve and implications from optimality conditions.

The full solution method is the conceptually simpler approach given that, if the model



can be solved numerically, an estimation procedure can be obtained by computing (nu-
merically) economic features of interest in the model, and find parameters that best match
these model predictions to data. Full solution methods combined with selecting adequate
features can also achieve more precise estimates, because they use all the optimality impli-
cations of the model. They are also theoretically more transparent in principle because the
researcher can assess the behavior of the model by simulation; for example, Zakolyukina
(2018) estimates a dynamic model of earnings management and, before the estimation,
plots manipulation choices predicted by the model as a function of the book value. This
preliminary analysis prior to estimation can open the black box of a complex theoretical
model. On the other hand, full solution method can be computationally-intensive and, as a
result, the implementation of these methods is usually for parsimonious models with few
parameters. Recent developments in computing have nevertheless dramatically expanded
the scope of problems solvable with full solution methods.

A different approach is to use theoretical restrictions from the model, which may be a
subset of the theoretical restrictions. Many endogenous objects in the model, which could
be (in principle) solved as a function of model parameters, are observable empirically
as individuals or firms making optimal choices. So, rather than solving the model, one
can substitute in empirical estimates of endogenous objects and then identify parameters
of interest from theoretical restrictions on these objects. The consumption Euler moment
condition in asset pricing (Hansen and Singleton 1982, Rust 1994), which link current and
future consumption, is a classic example of this method. Conditional choice probabilities
are another example in which the value function can be written in terms of observables.
Gerakos and Syverson (2015) and Cheynel and Zhou (2020a) are recent applications that
estimate client preferences for auditors from observed auditor replacements. These meth-
ods are usually computationally more accessible and thus can allow for more richness in

models.
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Step 6: Fit the modelthat is, program code that finds parameter values that ensure
that the theoretical restrictions from steps (5a) and (5b) are best met by the data. In the
context of a full solution method, the usual approach is to simulate data from the model
with various parameter values until the dimensions of interest least distinguish data and
model; put differently, knowing how to solve a model numerically is in principle sufficient
to be able to fit the model. To be checked is whether the fit economically explains the data:
Is the model consistent with the motivating facts? Note that a parsimonious model may
not always pass a statistical test assessing whether the model is a complete explanation
of the data, but should nevertheless generate magnitudes consistent with the data on the
main constructs of interest.

There are many diagnostics informative about the performance of a model but one
should note that rewriting a model until it passes a test implies that the asymptotic test
statistics are no longer valid. Textbook asymptotic distributions of test statistics do not
hold if the researcher systematically searches for a model to pass a test, and therefore
the statistical meaning of a test statistic p-value is lost. Put differently, the researcher
should enter a diagnostics step with a plausible model, and, given that all models will
feature some degree of hypothesis testing, the diagnostic should be read in terms of a

performance score rather than a binary pass-or-fail.

Step 7: And, of course, answer the research questibhnis can be a measurement
of a hidden quantity of interest and, often, a counter-factual analysis: how would quan-
tities relevant to firms and individuals change in response to different parameters or a
new policy? This usually involves changing one part of the model while keeping all
the remaining parameter estimates as given, and solving the model numerically with this
change. A counter-factual can be a policy that changes the rules of the game, a change in

a parameter, or an application of the estimates to a setting with less data.
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Figure 1: Structural Models: A Workflow

To illustrate all of these steps in a single application, consider the model by Beyer,
Guttman and Marinovic (2019), which aims to estimate the noise in reported earnings
caused by earnings management. The data used is prices and earnings, over a panel of
firms (step 1). There are two bookshelf models that speak to a relation between noisy
earnings management and price responses (step 2) in Fischer and Verrecchia (2000) and
Dye and Sridhar (2004). Simplifying the Dye and Sridhar (2004) model to a single costly
reporting yields an equation in which the earnings response to earnings is a function of
the fundamental uncertainty and the earnings management driven uncertainty (step 3).
However, mapping this model to data is problematic because the model assumes that
agents report the value of the firm, while (in practice) firms report periodic earnings.
Answering the question requires to be explicit about value as a dynamic sequence of
reported earnings.

Beyer et al. (2019) rewrite the model as a repeated sequence of manipulation choices,

adapting the static model (step 4). Fortunately, as is common in linear updating models,

12



the same guess-and-verify methods to solve a single-period model can be applied to a dy-
namic model and therefore, the model implies a relation between prices as well as current
earnings and lagged earnings and prices (step 5). This relation can then be estimated to
recover the economic primitives (step 6). The last step is to measure the amount of uncer-
tainty due to earnings noise or, equivalently, how much pricing error would be removed in
a counter-factual where enforcement against manipulation is perfect, and yields that the
noise due to earnings management is about half of the fundamental uncertainty (step 7).
This primer is divided into eight sections, which are inter-connected but can be also
read in isolation. Section 1 presents two simple guided examples of structural estimation
exercises, in which the logic of the main tools can be absorbed with minimal formal-
ism. Section 2 presents a step-by-step approach to structural estimation, generalizing the
methods applied in the two examples. Section 3 discusses more details of the econo-
metric methods for readers interested in applying statistical concepts and widely-used
mathematical formulas for estimators and their standard-errors. Section 4 discusses spe-
cial topics required in estimation approaches using dynamic models, including dynamic
programming. Sections 5, 6 and 7 discusses contemporary advances in the context of
principal-agent theory, disclosure theory, and earnings management, respectively. Sec-

tion 8 concludes.

1 Two Hands-On Examples

Below, we develop examples that will serve to illustrate the process of writing a struc-
tural model and how it can be estimated, using basic intuition only and (almost) no econo-
metrics. The first example is an approach to estimate disclosure costs, from observations
about voluntary disclosures. The second example is a dynamic model to recover stickiness

in cost structure.
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1.1 Estimating disclosure costs

In this first example, we examine a class of problems in which alternative methods are
useful to recover economic primitives and which involve minimal use of computational
or econometric tools. Drawing from the literature, we illustrate the methods drawing
from three approaches from prior literature: a method-of-moments approach (Bertomeu,
Beyer and Taylor 2016), a maximum likelihood approach (Bertomeu et al. 2020) and the
non-parametric approach of Cheynel and Liu-Watts (2020). We show specifically how
a consistent estimator can be derived from theoretical properties of a model and how to
numerically compare the properties of the estimation.

Consider a firm contemplating a decision to make an earnings forecast. The firm pri-
vately observes future cash flowsdrawn from a distribution with p.d.ff(.) and makes
a decisiond(z) € {z, NI}, whered(z) = z indicates disclosure whilé(z) = NI in-
dicates strategic withholding. The firm maximizes its price post disclosure decision but
faces a cost > 0 when making a disclosure. Assume thiahas mean normalized to
zero: for example, one may think about an earnings surprise after netting out an analyst
consensus prior to the disclosure.

Denoting P(d(x)) as the market price given a disclosuter), the firm discloses if
P(x) —c¢ > P(ND), i.e., its disclosure price is greater than its withholding price. To
close the model, suppose that the firm is priced at its expected cash flow g that x
and P(ND) = E(z|d(Z) = ND) is priced at the expected information that would be
withheld.

As is well-known in these models, the disclosure strategy reduces to a threshold
such that firms disclose when their information> 7 is sufficiently favorablé. A firm

with information exactly at the threshold must be indifferent between disclosingigmd

2See, for example, Jovanovic (1982) or Verrecchia (1983).
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holding, implying a condition for the marginal discloser:
T—c=P(ND)=E(z|z <T1), (1.1)

where the left-hand side is the payoff net of cost from disclosure, while the right-hand
side is the payoff from withholding information.

The usual next steps in the context of a theoretical problem is to assume that the
parameters of the model are known. The theoretical researcher thus goes from known
parameters to predictions about data. A structural model, by contrast, proceeds in reverse.
The theoretical parameters are unknown so the objective is to go from known features in
the data to usually unobserved theoretical parameters.

There are here two approaches to solving this problem: (1) to solve the model in
its entirety and fit the predicted properties of the model to data analogues, and (2) to
estimate the model using properties of the model but without solving the game. Of these
two methods, (1) is usually the conceptually simpler approach because it involves the
same steps as solving theory: if a model can be numerically solved, it can be structurally
estimated. However, (2) can be much easier to implement and is usually computationally
more economical.

The first approach is directly solve the model: solving the model here amounts to
deriving the endogenous optimal thresheldnd withholding priceP?(N D). To do this,
we will need to assume knowledge of the distribution), so let us assume thét(.) is
Normally distributed with, as noted earlier, mean zero and variafhicgsing Mill's ratio

for the mean of a truncated normal, equatithdlY becomes

where® (resp. ¢) is the c.d.f. (resp. p.d.f.) of the standard normal, and= 7 /0 and

¢, = c/o are the standardized threshold and disclosure cost, respectively.
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Like many models, the solution is not in closed-form. Verrecchia (1983) shows that
(2) has a unique solution, = T'(¢,) that can be solved numerically for any. The
approach below closely follows the method of moments implementation in Bertomeu et

al. (2016). The probability of disclosure predicted by the model is
Prdz)=2)=1—®(1,) =1—9(T(cn)), (1.3)

so, given a frequency of disclosure observed empirigaléydisclosure cost can be readily

estimated by solving numerically fay, solution to
p=1—(T(c,)). (1.4)

The next step is to estimate the unobserved standard devéatidesing the observed
standard deviation of disclosures would be inconsistent with the assumptions of the model
because disclosures are truncated at the disclosure threshold. Nevertheless, one can write

the variance of disclosures for a normal truncatett at

O(Ta) 2
TR Yoot Bl Yo Ml

Var(#|z > 1) = o*(1 + 7, (1.5)

which, denoting? as the observed variance of disclosures, directly yields an estirhate

by solving the above equation:

~2

9 v
o7 = ) _ . (1.6)
5 \O(T(En) _ (H(T(En))\2
1+ T(6,) o)) _ (2T
Finalizing the analysis, an estimate for the cost is obtained as
¢ = 0¢p. 1.7)

This is not the most efficient estimation procedure because only the disclosure fre-
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guency is used to estimate the model. Bertomeu et al. (2020) propose an alternative max-
imum likelihood estimation procedure, which simplified to this setting, involves directly

writing the likelihood of the data. Given a sample of disclosyrgg, the likelihood is

1 Tit

l(dit; C, U) = 1d¢t=ND(I)(T(C/O->) + 1dit:$itZUT(C/U); o

where the first component is the probabilityr) = @(@) to fall below the threshold
when the observation is a non-disclosure amd~:) is the density if the observation with
a disclosure.

For a given dataset of disclosurgs;), the primitives can then be estimated by maxi-

mizing the (log) likelihood

(¢,0) € argmaz,, Z Ini(dy;o,c). (1.9)
it
A few differences with the method of moments h{) could be viewed as strengths or
weaknesses depending on the match between data and model. The likelihood function
uses more detail about the problem by assigning a likelihood to each observation. This
will benefit efficiency but makes the model more sensitive to its specification. Here,
a single anomalous disclosure withy < ¢7'(c/o) implies a likelihood of zero. For
this reason, implementing a likelihood method often requires to model random factors or
unobserved heterogeneity, so that such events with probability zero are not implied by
the model. To address this, Bertomeu et al. (2020) assume that the isastibochastic.
By contrast, the effect of unmodelled noise is less dramatic in the method of moments
estimator 1) because some of the effect of noise may average out.
Maximization of the likelihood is equivalent to choosing moments equal to the first-
order condition on the likelihood functiofif@). Hence, an alternative interpretation of

maximum likelihood is as choosing moments optimally using statistical theory, given that
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likelihood-based models are more efficient than moment estimators. This may be a disad-
vantage if there are known economic moments that, being key implications of the theory,
should be targeted while other implications of the model have been simplified and are not
objects of interest. Method of moments thus requires more economic intuition to guide
the choice of moments and the researcher may have more parameters to estimate than rea-
sonable moments. The choice of critical incidental moments may also be contaminated by
researcher priors about acceptable results. A likelihood-based method takes the process
of choosing moments out of the hands of the researcher.

Structural models can accommodate heterogeneity and one can add heterogeneity to
a sample by writing;; = 3’ X;; where( is a vector to be estimated and; are firm time-
varying characteristics. Under maximum likelihood, the vectoan be estimated in lieu
of ¢ and nothing in the estimation needs to be changed. With a method of moments, by
contrast, the researcher will be forced to find a number of motivated additional moments
equal to the dimension of;; if there are many characteristics, choosing which moments
best capture the model can be challenging.

Solving the model requires to specify knowledge of distributions which, in practice,
may not necessarily fit properties of a sample. But not all structural models require dis-
tributional assumptions. The approach adopted by Cheynel and Liu-Watts (2020) shows
that a disclosure cost can be estimated without solving the model for an optimal threshold
T(.). Given that the mean of surprisgéds normalized to zero, the law of total expecta-

tions implies that:

F(r)E(#|Z <7)+ (1 — F(r)E(#|Z > 7) = E(&) = 0, (1.10)

by averaging the expected cash flow conditional on non-disclosure and conditional on
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non-disclosure. Equatiofi{I) can then be rearranged into

————E(#7 > 7). (1.11)

c=17—-E@z<71)=7+ ——"E(Z]T > 7). (1.12)

é, (1.13)

where the three terms in the right-hand side can be obtained empiri¢allythe mini-
mal disclosure in the sample and consistently estimates the disclosure thrg¢skdlig
disclosure frequency andlis the average disclosure. Unlike full solution methods, the
estimate is in closed-form and requires no distributional assumption d@touaind, as
will be shown when revisiting this estimator in Secti@d, is asymptotically unbiased
even in the presence of uncertainty about information endowinknbDye (1985).

To examine the properties of these estimators in finite samplésdrawn from a
standard normal distribution with = .25. The model is simulated by solving numer-
ically for 7°(.25) such that, for each observatian, the observation is censored when
z;; < T(.25). To measure the potential bias, we simulat@00 datasets for various sam-
ple sizes, calculate the estimators BBT from Bertomeu et al. (2015) using the moment
condition (7), BBM from Bertomeu et al. (2020) using the likelihood functi@indj and
CLW from Cheynel and Liu-Watts (2020) using the non-parametric approadh’in) (
averaging over all simulated datasets. A one-standard deviation interval is obtained as the
standard-error of the simulated estimators.

While all estimators are consistent, Figirehows that the estimators have low finite
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Figure 2: Evaluating the finite-sample bias and efficiency of estimation procedures

sample bias for sample size of 200 or above, i.e., their expectation is close to the true
parameter of one. The estimation procedure with the least finite sample bias is the para-
metric BBT model, followed by BBM and then CLW. However, the methods also differ

in efficiency. The smallest confidence interval is attained with BBM, as expected from the

efficiency properties of maximum likelihood, followed by CLW and, then, BBT.

1.2 Estimating Asymmetries in Price to Earnings

The next example features a problem that is inherently dynamic and requires the model
to frame a sequence of choices over multiple periods. Breuer and Windisch (2019a) con-

sider the problem of understanding asymmetries in the relation between prices and earn-

20



ings given that in the following Basu (1997) regression:

€¢

Py

= ag + arry + agrily, <o, (1.14)

wheree, indicates earnings scaled by lagged pri¢e; andr; indicates returns.

A positive coefficientz; > 0 is usually interpreted as accounting conservatism be-
cause earnings incorporate a greater proportion of the market news conditional on losses.
This interpretation has received considerable attention in the literature, as the asymmetry
from “Basu coefficients” is commonly interpreted as measuring conservatism, see, e.g.,
Khan and Watts (2009), Lara, Osma and Penalva (2011), or Bertomeu, Cheynel, Liao and
Milone (2021d)

However, in a model where the firm makes optimal investment, the relation between
earnings and prices need not be linear. Breuer and Windisch (2019a), hereafter BW, ask
whether a benchmark where earnings are unbiased would feature such a relationship. To
answer this question, they solve a model in which the firm makes optimal investments and
maintains its capital base.

Time is indexed byt € [0,00). Each period, the firm makes an investment choice

I, > 0, implying a law of motion for the stock of capital
ke = ki1 (1—0) + I, (1.15)

whereo € (0,1) indicates a rate of depreciatioh,is investment and, is current capital

stock. Then, the firm achieves a cash flow

IQ
CF, = aki =7t — L. (1.1
t

3To be fair, the measures are typically used in a relative sense with a higher measure indicating “more”
conservatism; a coefficient zero need not mean a neutral reporting system consistent with the analysis of
Breuer and Windisch (2019a). The interpretation of asymmetric timeliness as a comparative static is further
developed in Ball, Kothari and Nikolaev (2013).

21



wheref € (0, 1) is a decreasing returns to scale Cobb-Douglas technology asdhe
disruption cost due to new investments. The process of innovatien pz;,_; + (1 —

p)z+ € is a serially correlated productivity shock andv N (0, ¢?) is ani.i.d. normally-
distributed innovation. As in Breuer and Windisch (2019a), this process is assumed Nor-

mal to capture operational losses and the firm cannot disidyvest). Hereafter,

Flonlz) = O_iqb(zt—i-l - PZtU— (1— P)é) (1.17)

denotes the p.d.f. of q]|2;.
Each period, the firm observesand makes an investment to maximize its discounted

cash flows according to the following neo-classical production technology

* = E {OF, 1.1
V* (20, ko) mex (;ﬁctizo,ko) (1.18)

discounted afp € (0,1). Becausel;)2, is a complex infinite-dimensional vector of
all past history of realized productivity shocks, maximizing the right-hand side directly
is not practical. The Bellman principle implies that the value funclionk, z) can be
interpreted as the value achieved by the firmratstate(k, z). This important observation

motivates the following Bellman equation:

J/

V*(k,z) = nln>a8<{zk9 — w%z — [—l—ﬁ/f(z’\z)v*((l —0k+1,2)d2'}.  (1.19)
= —— R

-

(A) (B)

This functional equation states that the value to the fiffik, ) can be decomposed

as the current payoff from making a single optimal investment (A) plus the discounted
expected value in the following period (B) once the capital is updated to the new state
k' = (1 —9)k + I and the next-period productivity shoekis drawn.

Standard results guarantee that this type problem, in which a separable bounded smooth
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per-period payoffs is discounted, admits a single soluiitik, =) that can be calcu-
lated by iterating over Equatiofi{l'9 starting from an initial guess (Stokey, Lucas and
Prescott 1989). Specifically, starting from a gu&¥sk, ), for exampleV°(k, z) = 0,

one can construct a sequence of updated gué§sész) by solving
. 12 .
Vit (k, 2) = mlax{zkre — @ZJE — I+ ﬁ/f(z'|z)Vl((1 —0)k+1,2)d2'}.  (1.20)

At each “iteration.” the researcher uses the current guiégs z), solves numerically the
right-hand side of_20) and then uses the maximum to calculate a new updated guess
Vitl(k, z). This new guess is then used in the next iteration on the left-hand side to
obtainV**2(.) and the process continues until a nojjiri*! — V*|| is small indicating
convergence t&*(k, z).

Because it is not possible to solve equatii?{) over a continuous set of states, a
common method is to discretize possible value$kot) into a finite grid K’ x Z, and

then replace the program by a discrete analogue, fo(famy) € K x Z,

I _ 2
Vit (k, z) = max{zk9—¢(k (1=0)k)
KeK k

—(K'=(1=0)k)+8 > _ Pr(Z|2)V (K, 2)d2'},
2'€Z (1.21)

whereK = K N {k' — (1 — §)k > 0} guarantees that investment remains positive and
Pr(Z|z) is defined as a discrete approximation of the, |z; on the gridZ. For auto-
regressive Normal processes, the Tauchen (1986) method suggestg agddransition
matrix Pr(z’|z) and has code widely available for most programming languages. In the
equation above, rephrasing the optimization in terms of the choice of next-period capital
k" and rewriting investment as= £’ — (1 — §)k makes it easier to guarantee that policies
are chosen on the grif. When mapping the model to empirical observable variables,

P, = V (k¢ z;) represents the pricé, is the firm’s assets and incomgcan be recovered
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as

2

I
er = 2k — y?t — Sky. (1.22)

This model can be estimated by simulated method of moments which involves mini-
mizing the difference between moments in the data and moments predicted by the model.
To obtain the latter, the model is first numerically solved and, then, theoretical moments
are calculated by simulating a large enough number of data points by sampling a process
(z¢) and applying the optimal investment policy from the model numerical solution. In
Breuer and Windisch (2019b), this model is estimated by equally weighting differences in
mean, standard-deviation and auto-correlations of price-to-book, investment and income.

The analysis below simulates data from the following closely related parameter values
(Z,06,p,03,0,1,0) = (1,1,.5,.9,.33,.5,.3). FigureB is a non-parametric fit of earnings
on returns, and reveals the shape found in Basu (1997) in which earnings flatten with
higher returns. High returns are driven by high realized productivity sheciad lead
to high investment,; but these investment reduce current earninggwhich flatten
earnings. Earnings are conservative not because current good news are being deferred
(“conditional” conservatism) but because investment is being fully expensed while future
revenues from these investments are not matched to current earnings. Put differently, BW
reinterpret Basu coefficients as unconditional conservatism, caused deductions of certain
items (such as investment costs).

This model can be easily estimated and, to illustrate an estimation procedure in the
simplest setting, one can use the method of moments where theoretical moments are
matched to model moments. The first step of this estimation is to select a number of
moments equal to the number of parameters which are likely to contain information about
the parameters. For illustration, suppose that all parameters are common-knowledge at

the values of Figur& except for the returns on capital and the adjustment cost set at
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Figure 3: Asymmetry in Earnings-to-Price

(6o, 10) = (.33,.5) but unknown to the econometrician. Since the model explains the
asymmetric relation between earnings and returns, let us match the coeffigiantsa,

in equation T4). By solving and simulating a large data set from the model (usaally

to 10 times the size of the sample), the researcher can compute the model-implied coef-
ficientsm(0,¢) = (a(f,v),b(6,7)) at an adequate level of precision. The (simulated)

method of moment estimator is then to maximize

(é, @/AJ) € argmazg.y(m(0,v) —mo) (m(0,¢) — my), (1.23)

wherem, is the moment in the actual data.

For this exercise, we use a simulated dataset ft@m),) = (.33,.5) and treat this
simulation thereafter as the empirical dataset; of course, in practice, one would use real
data. The moments in the empirical sampleage= (.13,.41). Maximizing in (CZ3)
using a global search algorithm (particleswarm in Matlab) yields parameter estimates
(6,4) = (.30, .30), with a slight error relative to the trug. One can also add one or more

additional moments to capture other aspects of the model: suppose we add the variance
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of investment as an additional moment. In the simulated data(/;) = .011. Adding
this moment to the estimation yields a slight improvement to the parameter estimate at
(6,4) = (.30, .37).

However, a model with more moments than parameters need not be more accurate if
the additional moments add noise. Hansen (1982) proposes to uses an optimal weight

matrix W and solve the following objective function:

~

(0,1)) € argmazgy,(m(6,¢) —me)' W(m(6,¢) —mg). (1.24)

The optimal choice of the weighting matrix can be obtained as the variance of moment
conditions, which is a simple process to derive and will be explained in details in Sec-
tion 224. In this example, using the optimal weight matrix yields an improved estimate

(0,4) = (.30, .40).

2 A Simplified Approach to Structural Estimation

2.1 First Steps

Because structural models are non-linear and may imply complex statistical implica-
tions, the econometrics required to estimate a model are often application-specific. Stan-
dard asymptotic theory, such as pre-packaged tools in linear models, is not available or
needs to be adapted to specifics of the theoretical model, in turn requiring more statistical
knowledge than reduced-form analysis. Unfortunately, this added complexity increases
the barriers to entry to writing, understanding and interpreting structural models, and
can occasionally lead researchers to rule out important economic implications to keep the
econometrics simple. This section develops a simplified computational approach allowing
researchers to estimate a wide class of models without heavy investment in econometrics

or numerical methods.
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A structural model starts with the specification of a theoretical model: for our pur-
pose here, we should think about a model as a mapping from pararfigtees vector
real-valued prediction&(0) = (G1(0),...,Gn(0)). For some applications such as esti-
mating disclosure costs [, the researcher solves the model in closed-form and writes
the functionG(0) explicitly. From a programming standpoint, @(.) does not have a
closed-form expression, one can solve the model numerically (subprogram 1), simulate
a large dataset from the solution (subprogram 2) and com@utefrom the simulated
dataset (subprogram 3). 02, for example, the researcher solves the value function to
derive the optimal investment strategy, simulates a panel of firms and condpujesy
running a Basu regression on the simulated Bata.

The objective of the structural model is to match predictions of the m@dgl to
what is observed empirically. Let an empirical sample be giverXby= (z;) , and
suppose that there exists a functiéiX ), in short, that is a consistent estimator of
G(6,) if the sample was generated frofg. In many applications, the choice of is
self-evident from the context. For example,Gf.) was defined as a set of moments,
the same moments can be defined on the sakipl&VhenG(.) was computed from a
simulation, the functioit¥ should normally be computed by running the same procedures
(e.g., subprogram 3) swapping the simulated data with the realXatéhis can offer
great flexibility whenG(.) involves pre-cleaning of the data or non-parametric steps. For
example, one could be winsorizing all observations and running a fixed-effects regression
to remove heterogeneity in the data, or, to relax some functional forms, involve a non-
parametric estimation of a density or of a conditional expectation. As long as all steps are

applied to both data and simulation, the approach will match the shjeets.

40One would of course want the simulation noise to be as small possible, so it is usually practical to set
the simulation size as large as possible so that the resditingemains practically constant when changing
the random number generator (seed) in the simulation code. Usually, the computationally expensive part of
this approach is solving the model (subprogram 1) so increasing simulation size is rarely constrained by
computing power.
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To estimate the parameters of interest, the researcher minimizes an objective function:

A ~

0 € argmin, (G(0) — G)W(G(F) — @), (2.1)

wherelV is a weighting matrix, for example settingf as the identity implies the sum
of squared differences between model and data predictions. In this section, we will as-
sume that the model is locally (point) identified, that is, has a unique solution. A formal
discussion of identification is deferred until later sections.

Given that the empirical sample has finite size, the estimation may be inefficient if
some dimensions of the functiai feature more sample noise than others. Intuitively,
the researcher should weigh predictions that are accurately computed in the sample. A
common method is to weigh elements@faccording to the inverse of the covariance
matrix W = Var(G) B

In principle, because the model is always assumed to be true when conducting an
estimation, this variance can be computed by compu[ﬁ(ﬁj many times from simulated
data of the same size as the sample and for different random seeds (subprogram 2), and
computing the covariance matrix of the resulting vect&(8) (subprogram 3). However,
in practice, this method is unnecessary and can magnify the effect of specification errors
when, as is common, the model is simpler (has fewer error terms) than the data-generating
process. Instead, a more direct approach is to resample (with replacement) from the data
X to form a large numbes = 1, ... S of resampled datasefs; = (x7)_, and compute

the resulting? for eachX?. This alternative method does not require the assumtiain

5The choice of weighting moments draws a non-trivial philosophical question: when are weights neces-
sary given thatl1) with the identity matrix is a consistent and easier to interpret criterion? Many studies
use the identity matrix or a simplified approaﬂﬁag(Var(G’l)‘l, cey Var(G'I)—l), especially if the re-
sulting standard-errors from these simplified procedures are already sufficiently small so that reducing them
further would not affect the economic inference. Having noted ttasweighting can make the estimation
very sensitive to the inclusion of noisy predictions and, if the researcher has discretion over which moment
to use and how to scale them, may make the general inference less credible. For this reason, it is usually
preferable to use a weighting scheme consistently unlesé?meandé are uniquely suggested by the
applied context.
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the model is correct to derive the weights and is also far simpler to implement because it
does not require knowledge éfor solving the model, nor does it carry over estimation
noise ind. One needs only write a program that randomly samples observations from the
original dataseX (subprogram 4).

Standard errors and some test statistics can be obtained using a similar procedure,
as long as the model is quick to solve numerically. To recover standard-errors, one can
reestimatel 1) after swapping the resampléd’ instead of the originak’, to obtain the
empirical distribution of the estimator frofd,)S_,. Standard-errors can then be obtained
by computing the covariance matrix @f,)5_,, and taking the square root of the diagonal
term. A Student-t like hypothesis testing can be also be performed from the empirical
distribution. Suppose that the researcher wishes to test whefftgy = 0” whereg(.) is
a set of restrictions with a specific economic interpretation. For example, the researchers

may wish to know if several parameterségfspecific to a certain mechanism are zero. A

Wald-like test statistic is given by

~

W = ng(6)'(¢'(8) Var(8)g'(6)) "' 9(d), (2.2)

whereg' indicates the gradient of the restriction being tested. Under commonly-satisfied
regularity conditions, this test statistic converges f@ distribution with degrees of free-
dom which is usually the number of dimensionsgof). However, the test can also be
performed, usually with better finite-sample properties, by computing the empirical dis-
tribution of (1W*), where eachV’* is the resampled test statistic %) usingd,. Then, a
p-value is the fraction of all’* such that?’ > W B

We conclude on the use of simulations for counter-factual analysis. The most common

presentation of counter-factuals is in the form of implications at the estinpaiietneter

SFor pivotal test statistics, that is, their asymptotic distribution does not vary in the parameters, the
empirical distribution has better finite-sample properties than the asymptotic distribution (Horowitz 2001).
However, this does not mean that the method performs worse than asymptotic theory when a statistic is not
pivotal and, often, different approaches perform to a sufficient degree of accuracy for common hypothesis
testing.
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6 and does not require re-sampling. A more complete approach may involve confidence
intervals on counter-factuals given ththis not precisely known. This can be done using
the same methods as those above, simulating the counter-factuals of interesarfior

using the results to compute standard-errors or confidence intervals.

In conclusion, the method of re-sampling is versatile, and can be used throughout
to obtain weights, standard-errors on estimated parameters, test statistics and standard
errors on counter-factuals. Its primary computational cost is that it requires re-estimation
of 6, which increases the estimation by a factorSofThis is only possible if the model
is sufficiently quick to simulate - nevertheless, because the re-estimations are separately
done, the process can be easily parallelized. Further, a notable computational step is the
initial set-up of the optimization1) because the optimization routine needs to know
the space of the global search requiring trial and error. For a model that is reasonably
estimated, estimates should be stable arofiaehd, therefore, the set-up used for the

actual sample should yield valid interior optima in samples

2.2 Moment Conditions

Next, we present the theory discusse#ihwith greater formalism but leaving for now
to Sectior3 a complete discussion of identification and asymptotics of structural models.
To this effect, we now specialize the functi6f{.) to moment conditions, which forms
the basis of many estimation problems.
The object of interestin an econometric model is a family of distributiéi(s;; 0))sceo
of an empirically observable random variablewhered is a parameter unknown to the
researcher with true valug. The researcher knows a vectoridfmodel-implied restric-

tion G(.) such that) = 6, if and only if

Go(F(z:0) = O (2.3)

M x 1 M x1 (2.4)
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Because”'(z; 6) is not directly observable, one cannot directly soR&)as a system
of equations to recovek,. Suppose that the researcher observes a ddtaset, defined
asn draws fromF'(z; 6,) such that there exists a sample approximatin(x;) ;; 0)
that converges t6/o(F'(z; 0)) as sample size becomes lafge. short-hand, we shall use
hereafterz;), G,, andG,.

The researcher can then obtain an estindatg minimizing the following quadratic

objective function

6 € arg mgin Q.= G| w Gy. (2.5)

1x1 I1xM MxM Mx1

As we are using a sample approximatior(hf, the restrictions need not be true at equal-

ity: whenG,, # 0 for any#f, a weight matrix}” assigns which restrictions @,, are most
important. For expositional purposes, we shall initially assume that the researcher has
chosen a weight matrid¥” and discuss later on empirical methods to selEdb increase

the quality of the estimation.

Example 1: Suppose that ~ N(6,1) is a family of Normally-distributed random
variables with unknown true medp € R. A natural theoretical restriction for this model

G and its sample approximation can be written, respectively, as

1
= F(x;0) — = — ; — 2.
Go /:L’d (x;0) — By, G nE x; — 0 (2.6)
implying an estimaté = % > x; equal to the sample mean.

Example 2: Suppose that'(z;0) has a p.d.ff(x;0) that can be written in closed-

form. Standard results in maximum likelihood estimation suggest that thpanaeneter

"The concept of convergence required to ensure consistency will be discussed in the next section.
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must maximize the expected log likelihood which, writing the first-order condition of this
maximization, implies the following restriction:

Go = / %ﬁf@b%dm%eg) = 0. 2.7)

The sample analogue to the expectation above is then defined as

_ 1.0 f(x;0)
GNZEZT. (2.8)

=1

When implementing maximum likelihood, most researchers prefer to directly maximize
% > iy In f(z;; 0) over minimizing its first-order conditions,, given the two approaches

are in principle equivalent.

Example 3:Suppose that the researcher knawWgheoretical moments which, accord-
ing to the model, should be equal #g6) which can be either calculated analytically
(as in sectiorild) or simulated after solving the model numerically (as in sediid).

Therefore, the restriction can be written
Go = H(F(x;0)) — ¢(00), (2.9)

where H(.) is the equation of the moment. As an exampl§,F") = [ zdF(z) if the

moment is a mean ol (F) = [2?dF(z) — ([ zdF(x))? if the moment is a variance
and, more generally{(.) can represent any function 6% x; ). What matters here is that
the moment can be approximated by a sample analégughe same moment calculated

with the sample) and define
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by calculating the difference between sample and theoretical moment. The moment esti-

mator is then obtained by minimizir@,, = (H,, — ¢(0))'W (H,, — ¢(0)).

2.3 Introduction to the Bootstrap

The methods discussedinl are applications of the bootstrap, defined as a set of tools
such that properties of statistics under consideration are obtained by resampling to form
an empirical distribution. The bootstrap method was proposed by Efron (1979) and since,
then, has been the object of numerous applications in statistics, economics and forms
the core of tuning multi-step machine learning algorithms where deriving closed-form
asymptotics is impractical.

The intuition for the method is to construct an empirical c.df(x). which can be
directly recovered from a datadet; ), to infer properties of statistics constructed from the
dataset. As the dataset becomes large, this empirical c.d.f. approximates the true c.d.f.
F(.) so that, under certain regularity conditions, one expects that functions of the empir-
ical c.d.f. should have properties similar to functions of the true distribution. Practically,
the researcher draws randomly several samples fpfr), usually by drawing observa-
tions from the empirical sample, calculate the statistic of interest in each bootstrap sample
and, for example, estimate its variance as the variance of all bootstrapped statistics.

The bootstrap has been shown to consistently estimate the distribution of statistics that
are asymptotically linear and asymptotically normal which, under usual regularity condi-
tion (Hayashi 2000), include common extremum estimators such as maximum likelihood
or generalized method of moments (Mammen 1992, Mammen 2012, Horowitz 2019). If
a statistic is pivotal, that is, its asymptotic distribution does not depend on the parameter
0, bootstrap estimates are more precise than traditional formulas from asymptotic theory.
Hence, a textbook recommendationvidien possiblgto choose statistics that depend less
on parameters (Horowitz 2001, MacKinnon 2006). These asymptotic improvements can

often be applied to bootstrapping test statistics, such as a chi-square test. However, be-
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ing pivotal is not a necessary condition for consistency of the bootstrap and many useful
applications of the bootstrap, such as finding the standard-error of a parameter estimate,
may not lead to a pivotal statistic and yet may lead to more precise estimates.

There are two benefits from the bootstrap that are unrelated to its potential efficiency
gains. First, the bootstrap allows a researcher to derive asymptotic variances using generic
programs that do not require deep knowledge of the econometrics of a model. This can be
particularly useful if the model is not standard or is not in closed-form. Second, most
analytical methods require computation of numerical derivatives to derive asymptotic
variances, e.g., gradient of moments or information matrix. Choosing the right step for
numerical derivatives can be challenging when other aspects of the model, such as con-
structing a grid to solve the model, non-trivially interact with the step size. The bootstrap,
by contrast, need not require differentiation.

Consider first a simplified problem in which we are interested in some statistical prop-
erty of a statisticS,,: for example, we seek the variance of parameter estimates. In prin-
ciple, having estimated, one could derive the distribution of,. However, the last
step may be non-trivial if the distribution8(x; #) were not fully specified and/or the
expression of5,, is non-linear and not in closed-form. To give an extreme example, the
researcher may have plugged in a relationship estimated in first-stage from an ensemble
learning method such as gradient boosted trees (Friedman 2002) for which there exists no
closed-form expression of standard errors.

The bootstrap is a method using the empirical distribution of the datagethere-
after F;,(z), to estimate the true distributidi(x; 6,). DenotingF(.) as the distribution of
the entire sampléz;), one can use a samp@proximationF,,(.) by randomly drawing
n observations with replacement to form a bootstrap dataget In turn, one can then
approximate the true distributiafi®~ (S; §,) of the statisticS,,, by drawing from the em-
pirical distributionFl,S"(.) implied by the bootstrap samples, i.e., the distributiof%jf)

whereS¥ is the statistic computed in the bootstrap saniple.
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Having a procedure to sample froﬁ’fn(.), suppose that the researcher wishes to

recover a propertyl,(F°~) ; then, the bootstrap suggests to use the following estimator
Hy(F5) = H((SH)kep,x)); (2.11)

where H (.) is a function of the sample that approximatég. As n increases, the em-
pirical distribution ' convergeso F so that, if H, and S* satisfy standard smoothness
properties,H,(F5~) will converge toH,(F5~). To obtain the right hand-side d#{L1),
the researcher needs to draw bootstrap samples and be able to csihputedoes not

need to derive analytically a statistical propertySpf

Example 4:Let S,, = 6 be a parameter estimate obtained by minimizingin (Z5)
and suppose that we are interested in estimating (1) the finite-sample bias and (2) the

variance of this estimate. The bi&s= E() — 6, can be estimated by

1 N

B=—=> 0" (2.12)
as the mean bootstrap estimate minus the base estimate. The covatiantaur(0) is
similarly obtained as the sample covariance of the bootstrap estimates

(6% — my) (0¥ —my)". (2.13)

Mw

K 1
k=1

Example 5:Suppose thal = (6,...,607) is a vector of parameters with true value
0o = (6%,...,0]). The researcher is interested in examining the prediction of a model in
a counter-factuad, which differs fromé, at ! # 4} but otherwise withg? # ¢/ for any
j > 2. Let us write a quantity relevant to the policy-makéé) where((6,) may not be

observable in the data. This quantity can be estimated by solving the maehat is,
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¢(6) and, similarly, a counter-factual can be obtained(@s) usingd, = (6*, 62, ...,67).
Becausd is a noisy estimate df,, the bootstrap can be used to obtain standard-errors on
the( () and¢(6,), by computing these quantities in each bootstrap sample and calculating

the variance of the vector as IB13).

2.4 Optimal Weight Matrix

We have for now taken the weight matfiX as a given. For example, using &hx M
identity matrix minimizes the sum of the squared deviations from the model equations
Q. = G G,. Unfortunately, using the identity is often inefficient because not all equa-
tions in the vector=,, estimated precisely and, further, the scaling of each equation can
affect the estimation by implicitly putting more weight on dimensions with greater scale.
Practically, an identity weight matrix can make the estimation sensitive to adding relations
that are not relevant for the estimation or are noisily estimated.

Hansen (1982) shows that an optimal weight matrix, in the sense of reducing the
asymptotic variance of the estimator, can be obtaindd’as (Var(G,,))". Intuitively,
components of7,, that vary less are closest to the tiigand be given more weight in the
estimation. There are standard analytical methods to re¢ave(G,,) whenG,, has stan-
dard forms, such as being a centered moment or the parameter of a regression. However,
problems are no longer standard when using more complex multi-step procedures which
may involve, for example, pre-cleaning a dataset through a first-stage fixed effect regres-
sion, removing outliers, machine learning or non-parametrics or using variables estimated
from another dataset.

The bootstrap can be adapted to any such problem where analytical expressions do
not exist or are non-trivial, by setting the statistic of interestSas= G,,. Then, one
can calculatez* in each bootstrap sample and recover an estimated bootstrap weight
matrix W = (Var(G,))"!. Often,G* is additively separable ifi so that computing a

weight matrix does not require knowledge of the tfiye If, on the other hand(,,(.)
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depends o, it is possible to use a consistent estimééor example, using a first-stage
identity weight matrix or repeatedly updating the weight matrix for greater finite-sample

performance).

Example 3 (cont.)Let the model restrictions be defined asi9j with G,, = H,, —
¢(0) equal to the difference between a sample monignand its theoretical model value
#(0). Because this equation is separabledjnimplying thatW = (Var(G,))™' =
(Var(H,))™! can be estimated by using the covariance matri¥/ffcalculated in each
bootstrap sample.

Using the optimal weight matrix provides other benefits such as simplifying the com-

putation of useful test statistics. Suppose th& a vector of dimensiom and we are
interested in testing a Null hypothesis tligte ©., where®, is a compact subset ¢

with dimension’. The distance test statistic is defined as

D =n(Qn(0.) — Qu(9)), (2.14)

whereéC = arg mingco, @, (0) is defined as the parameter estimat@®onif the model re-
strictions are appropriately defined so tRatG,, is asymptotically normally distributed,
the D statistic converges tod@(r — r’) distribution under the Null.

If the dimension of the parameter spads less than the number of restrictiohs so
thath(é) is typically different from zero, the J test statistic can be used to test whether a
large(),, suggests that the conditions of the model are unlikely to be satisfied empirically.
This test examines the specification of the model under the Null hypothesi5stkrat0.

The J test statistic

J =nQ,(0) (2.15)

converges to &*(r — r’) distribution under the Null.
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2.5 Parametric Bootstrap

The bootstrap discussed until this point is the version presented by Efron (1979) and re-
quires to draw bootstrap sampfesm the datasefor this reason, it is sometimes denoted
“non-parametric” bootstrap because no functional assumption is placed on the distribu-
tion. The parametric bootstrap is a different procedure where, instead of drawing from
the empirical distribution ofz; ), the researcher draws each bootstrap sample FOm)
by simulating the model. The non-parametric bootstrap is usually preferable because the
researcher does not need to knéif.) and, therefore, the procedure is less sensitive to
model specification. However, there are certain cases where parametric bootstrap is un-
avoidable. Below, we discuss four important contexts where parametric bootstrap might
be necessary.

First, suppose that the researcher is interested in assessing the theoretical performance
of a model “in the lab” over different parameter values. For example, the researcher may
want to compare whether an estimation approach is better than another,ia3),imor
check whether a measure obtained in the model correctly captures certain behaviors. To
answer this question, the researcher can construct many parametric bootstrap simulations
from the true model and, then, compute the object of interest. This approach is commonly-
used in econometrics to assess the finite-sample properties of estimators, and is used in
finance and accounting to compare the quality of various procedures, see, e.g., Cheynel
and Liu-Watts (2015), Bazdresch, Kahn and Whited (2018), Breuer ariatt§2019) or
Bertomeu et al. (2021d). Parametric bootstrap is unavoidable in these circumstances be-
cause the researcher must know from which true parameter values the data is generated,
including potentially unobservable variables, in order to measure quantities of interest.
Note that parametric bootstrap is used here to answer an econometric “theoretical” ques-
tion, namely, a question about the performance of an estimation procedure, not an applied
guestion about measurements in a sample.

A second context in which parametric bootstrap is useful is when there are two-way
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correlations which cannot be ruled out. For example, in a panel, observations may be
correlated within a firm or individual and within a year. Block bootstrap, that is drawing
firms instead of observations, is no longer sufficient in this case although there exists
sampling procedures that will capture some correlations. A systematic approach to this
problem is to directly simulate a dataset from the estimated correlation structure.

Third, non-parametric bootstrap cannot be used to derive the distribution of test statis-
tics because one cannot sample from the Null. For this reason, the D test statistics and
J test statistics were assumed to follow (asymptoticallyj distribution over bootstrap-
ping their distribution. Put differently, one would (almost) never reject the Null if the
distribution of these test statistics were bootstrapped from the data. On the other hand,
the parametric bootstrap can be used to bootstrap any distribution of a test statistic and
improve the quality of this distribution in finite samples. In the case of the D statistic in
(Z13), the researcher draws datasets ftBfn|d,) and F'(.|6), and computes bootstrap es-
timatesD* which can be used to form a confidence interval for D in the sample. Similarly,
the empirical distribution of the J test statistics®I%) can be obtained by computinkj
in the bootstrap samples drawn fraf.|6).

Fourth, the non-parametric bootstrap is not appropriate for very small samples, be-
cause resampling with replacement will be more likely to draw the same observation
repeatedly and create spurious correlation in the sample. Unfortunately, small samples
would also invalidate standard-errors from asymptotic theory, so the researcher must in
this case rely more heavily on the assumptions of the model. For example, a small sample
of international conflicts or rare diseases may yield noisy estimates but one would want

to reliably measure that noise to evaluate possible policies.

2.6 Limitations and Caveats of the Bootstrap

While the bootstrap often works as a skeleton key to handle problems that would be

very difficult using standard analytical methods, there are a few important situations
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where it may not be suitable or need not perform better than other methods.

The theory of the bootstrap suggests that bootstrap estimates often have better finite-
sample properties than many analytical methods; however, these efficiency gains are
mathematically proved in the context of pivotal statistics (Horowitz 2001). Pivotal statis-
tics are statistics whose asymptotic distribution does not depend on the parémedbst
constructs of interest in applied problems are not pivotal, including estimates or coeffi-
cients in a weight matrix. While the bootstrap remains a consistent estimation procedure
absent pivotal statistics, it may or may not be more efficient than other methods. This is
why Horowitz (2001) recommends bootstrapping pivotal statistics when possible.

There are nevertheless some situations in which using the bootstrap should be done
with caution. This can fall into two categories: practical implementation and theoretical

issues. Let us begin with the practical implementation:

1. Excessive computational burdekpplications of the bootstrap that involve estimat-
ing 6* in each bootstrap sample will require significantly more computational power
than analytical methods and will be several orders of magnitudes slower than the
baseline estimation. Practically, however, this issue has become less of a concern
over time given the increase in processing speed and the fact that estimation in boot-
strap samples can be easily allocated to separate CPUs or, even, can run on separate
work machines without need for organized parallel computing. In most applica-
tions, the computing time is in the process of finding a reasonable baseline model
and its relevant model restrictions (by estimating different models) or improving
the quality of the computational tools to solve a model - all of this pre-analysis can

be used when estimating bootstrap without need for new calcul&tions.

8An example of this challenge can nevertheless be found in the related area of machine learning, where
the complexity of multi-step prediction models (especially with ensemble learning algorithms) make meth-
ods other than the bootstrap infeasible, with recent examples in accounting by Bao, Ke, Li, Yu and Zhang
(2020) and Bertomeu, Cheynel, Floyd and Pan (2021c). The algorithms require as input a number of hy-
perparameters whose optimal choice depends on the data; in our setting, the weight matrix would be an
example of hyperparameter except that there is explicit econometric guidance on its choice. Unfortunately,
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2. Managed CodeMany computational methods cannot be easily automated to run on
any sample and researchers will often hand-manage numerical methods, usually by
running diagnostics after a solution is found to guarantee that tuning parameters in
the methods are appropriate. In the context of baseline estimates, one may (1) check
for other global optima or whether the estimate lies on a corner of the search space,
(2) check whether a grid used to solve a value function is sufficient or (3) check
whether a simulation is sufficiently accurate. However, itis infeasible to manage the
code for hundreds of bootstrap samples and, without it, the bootstrap estimates may
be of lower quality. For example, searching locally around the baseline estimates
in the bootstrap samples may find local optima close to the baseline estimates -
suggesting low parameter standard errors - even though that real standard-errors

may be much greater.

This issue implies that estimation code used for bootstrapping must be made more
robust to sampling variation, especially if the dataset is small such that subsampling
can lead to very different datasets. The estimation code should be robust not solely
around the parameter estimates but for variation in the bootstrap samples. One
approach is to increase the precision of the numerical methods when bootstrapping

or encoding some diagnostics detecting one of the problems (1)-(3).

3. Clustered DataThe notations developed so far assume that observatjare in-
dependently drawn fromi'(z; 6,); however, many datasets feature panels with cor-
related observations from the same firm (“clusters”). The bootstrap can be adapted
to (one-way) clusters by redefiningas a vector of all observations in a cluster, e.g.,

all observations of the same firm or individual in the panel. In this dasetstrap

certain computations may take weeks to complete so that tuning hyperparameters using many bootstrap
repetitions would be very costly. Instead, computer scientists split the sample and “bootstrap” the quality
of the predictions with somewhere betweeand 10 subsamples which would be insufficient to approxi-

mate the empirical distribution of prediction quality. To be noted, however, their focus is not on finding or
interpreting theoptimalhyperparameters, but to improve the estimation relative to default hyperparameters.
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sampling is known as “block” bootstrap and should be performed by drawing clus-
ters. In practice, when bootstrapping a dataset with different firms, the researcher
would randomly draw firms. The number of observatianaill be defined as the

number of clusters.

4. Small datasetlf the dataset is too small (in particular, with clustered data having
few clusters), the same observation is likely to be repeated multiple times in the
bootstrap samples, which will create correlation between observations of the boot-
strapped sample. For this reason, bootstrap is not always a solution to improve
estimates given a small sample sizes. If the dataset is too small, the only available
solution is to rely more on the model and will require the parametric bootstrap, as

discussed earlier.

A second set of problems relate to cases where, in theory, the bootstrap does not cor-
rectly approximate the object of interest, as econometricians have looked for pathological
counter-examples where the bootstrap fails. To see common features of these settings,
note that the bootstrap is an asymptotic theory that relies on the assumption that (1) the
empirical distribution ofr; can be used to approximatg.|d,) and, then, (2) approxi-
mates the empirical distribution of a construct of intergst Either property will fail in
problems where the dataset does not approximate well the true distribution or the con-
struct is not sufficiently smooth for the approximation to apply. Known cases in which
asymptotic variances cannot be obtained by bootstrap include estimators in which does
not satisfy a,/n asymptotic linear expansion, such as when the parameter is in the bound-
ary of the parameter space, when the estimator converges quickey/than matching
estimators because the same bootstrap observation can be matched to itself in a bootstrap
sample. These exceptions are discussed in Andrews (2000), Abadie and Imbens (2008)
and Horowitz (2019). A more complete discussion of conditions to guarantee consistency

of bootstrap estimates is given in Horowitz (2001) and Mammen (2012).
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3 Econometric Methods in Structural Estimation

3.1 Identification

This section presents a formal treatment of the econometric model and of the concepts
of identification and empirical content. The econometric model reflects both researchers’
a-priori knowledge about the problem as well as a statement about what is observable to
the researcher. An econometric model is a set of distributions for the (possibly vector-
valued) random variablesandy, wherez is latent or empirically unobservable variable
while y can be observed. Formally, let the econometric model be a family of distribu-
tions (F'(x,y;0))sco. With a slight abuse in language, let us then defifig; 0) as the
distribution of the observablggiven a parametet.

Identification refers to the process of finding the param&jehat generated a large
enough dataset of realization's= (y;)!_, of §. The parameter is identified if a researcher
observing only the observable component of the data-generating process can recover the

parameter of the model.

Definition 1 A parameterd, is point identified if, for any=(y; 01) = G(y;0), 01 = 6y.

Vice-versaf, # 0, are observationally-equivalentd(y; ;) = G(y; 0o).

To summarize, a model is identifieddtif all other parameters would lead to distinct
observables. When two parameters lead to the same observables, we say that they cannot
be distinguished by observation alone (they are observationally-equivalent). Observa-
tional equivalence can present a significant challenge because two parameters leading to
the same observables can have very different interpretations or implications about opti-
mal policy. In certain settings, an econometric model may be point identified for some
parameter values and not for others, if identification holds for a subggtb;.

While “endogeneity” is commonly diagnosed in a reduced-form statistical model as

a failure of identification, it is not equivalent to the more primitive concept of identifi-
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cation (Kahn and Whited 2018). Most observables in a structural model are endogenous
because they are consequences of optimal choices: economic restrictions on these en-
dogenous variables may identify a parameter of interest even though exogenous shocks
are not directly observable. Vice-versa, an exogenous shock may be unable to identify the
parameter if it affects multiple parameters at once, changes the game or does not reflect a
decision of interest (Chemla and Hennessy 2021a, Chemla and Hennessy 2021Db).

To illustrate an identification problem, consider the following textbook example. The
wage of an individualo depends on both an inherent i.i.d. skilhich is unobservable
and educatiorg, and education depends on inherent skill as well as an i.i.d. individual

characteristi€. This implies the following structural equations:

&
Il

Bs5 + Bee (3.1)

€ = aS+eé. (3.2)

In this model, the set of observablegjis= (w, ¢), while the unobservable & = s.
The parameters of the model gr&, 3., o). Rewriting B-1)-(82) in terms of observables

only, the model simplifies to

W= (% + Be)€, (3.3)

which implies that one can identif% + (. but not the causal effect, of education on
wages inB). In this setting, the endogenous nature of educatiomplies that(% + )
is identified but its subcomponents are not.

The most common method to establish identification is to find a function or estimator

that can estimate the true parameters of interest.

Theorem 1 Let there be a functiod(.) such thatV(G(y|#)) = 6 for all parameters),
thend is identified oro.

This theorem is of particular interest in applications where there exists an estimation
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procedure for the parameter of interest. If this estimator is consistently estindating

can serve as both proof of identification and a method to empirically recover an estimate.
A model may be so general that, while it is identified, can rationalize any empir-

ical observations, thus being inherently unfalsifiblEollowing Heckman and Honore

(1990), being falsifiable is described as having “empirical content” with the condition that

a model with empirical content should be incompatible, regardless of parameter values,

with some (credible) empirical samples.

Definition 2 An econometric model has empirical content if there exists a distribution of

G(y) such thatG(y) # F(y|f) for anyé.

To show that a model has empirical content, it is sufficient to show that there is a
distributionG(y) that would not satisfy the assumptions of the model. In an applied set-
ting, it is usually preferable to think about empirical content for distributions that are not
a-priori implausible. While having empirical content is defined as a binary characteristic,
the quality of the empirical content falls on a spectrum as a function of the number and

plausibility of potential distributions:(y) incompatible with the theory

%In The Logic of Scientific Discovery, Karl Popper criticizes Marxism and psychoanalysis as unalsifi-
able:

It was during the summer of 1919 that | began to feel more and more dissatisfied with these
three theories the Marxist theory of history, psychoanalysis, and individual psychology; and
| began to feel dubious about their claims to scientific status. My problem perhaps first took
the simple form, What is wrong with Marxism, psycho-analysis, and individual psychology?
Why are they so different from physical theories, from Newtons theory, and especially from
the theory of relativity?

| found that those of my friends who were admirers of Marx, Freud, and Adler, were im-
pressed by a number of points common to these theories, and especially by their apparent
explanatory power. These theories appeared to be able to explain practically everything that
happened within the fields to which they referred. The study of any of them seemed to have
the effect of an intellectual conversion or revelation, opening your eyes to a new truth hidden
from those not yet initiated. Once your eyes were thus opened you saw confirming instances
everywhere: the world was full of verifications of the theory.

Whatever happened always confirmed it. Thus its truth appeared manifest; and unbelievers
were clearly people who did not want to see the manifest truth; who refused to see it, either
because it was against their class interest, or because of their repressions which were still
un-analysed and crying aloud for treatment.
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We discuss next an approach used in the literature to address identification problems
and which needs not involve more assumptions about the economic problem or better
data. The first approach is feasible when the researcher does not need full knowledge of

0, to answer the question. For a functiof), let us defines(6) as a feature of the model.
Definition 3 A featureg(6y) is identified if, for anyG(y; 61) = G(y; 00), ¢(61) = ¢(6y).

A special case of the use of features is set identification, in which a parameter can
be identified to be in a certain rangec [0, 6]. If the range is not much larger than
the uncertainty due to estimation noise, a set identified parameter may be practically as
useful as a point estimate. For a model that is not identified, one can redefine the inference
problem to identify a feature(0) = {0’ : G(y;0) = G(y;¢')} to represent the equivalent
class of all observationally equivalent parameters.

A different approach to establish identification is by using priors and forming an ap-
proach to estimation known as a Bayesian statistics. In a Bayesian miadehe real-
ization of a known distribution fof, usually (but not necessarily) a uniform distribution
if the parameter space is bounded or a Normal is the parameter is unbounded - these two
distributions model maximal ignorance by setting the prior to greatest entropy. The infer-
ence process is then given by the posterior distribLéigrwhich is now jointly informed
by the prior and the observable. Note thatd iis identified, this will lead to complete

knowledge of the realizefiregardless of the prior for a large enough sample size.

3.2 Extremum Estimators

The most common types of estimation procedures used in the social sciences are ex-
tremum estimators. A formal but accessible treatment of this type of estimators can be

found in Hayashi (2000), chapter 7.

Definition 4 An estimatoid is an extremum estimators if it maximizes an objective func-

tion Q,,(0), where@,, may depend on a samplg;)?_, and a paramete#.
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Note that the functio),, (6) is a random variable because it depends on the vector of
observables. For the purpose of establishing asymptotic properties of an estimator, sup-
pose that),, converges to a non-randa@y(0) asn becomes large and that the parameter
0y can be shown to maximiz@,(.). The next theorem is a fundamental result to show

the consistency of an extremum estimator.

Theorem 2 Suppose that (ip is a compact subset &, (ii) @,(.) is continuous ird
and (iii) @, (.) converges uniformly tQ)(.), wheref, is the uniqgue maximum @, (0).

Then,d converges in probability té,.

Theorentl implies that, from the existence of the functi@q(.), & = 0, is identified.
Under some additional regularity conditions, an extremum estimator is asymptotically
normal. A (heuristic) method of proof to show this point is useful because it will help
understand how to explicitly calculate asymptotic variances in many models.

Suppose thad, is interior in©® and @, is twice-differentiable, so that the estimator

will satisfy the first-order condition

9Q,.(0)
00

=0.

Applying the mean-value theorem to the above term implies that the following expan-

sion:

9Qn(6)  0Q.(6) - 02Q,(0)
- + (6o — 6) —, (34)
00 00 06000

=0

whered is a value in-betweeft, andd. Reorganizing this equation and expandingfy,

Vit(h — ) = (2 O], 35)
=B =A

Suppose that the hessian teBy converges to a non-singular negative definite matrix
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B. Because both and@ converge td,, it is possible to estimate this matrix using the
Hessian evaluated @tinsteadof 4.

The remaining terrr?% is expected to converge to zeroravecomes large but,
once suitably expanded, will in many applications satisfy a central limit theorem and
converge to a normay (0, ). For brevity, we do not provide here all technical conditions
for asymptotic normality given that they are commonly satisfied in most applications; see

Hayashi (2000) for details.

Theorem 3 Under suitable regularity conditions, the extremum estimator is asymptoti-
cally normal with

~

(= 0) =4 N0, B~'SBY). (3.6)

3.3 M estimators and Maximum Likelihood

The challenge of general extremum estimators is that the derivatidnnadly not be
straightforward. Fortunately, a special case of extremum estimators greatly facilitates this
exercise and applies to estimation procedures such as maximum likelihood estimation

(MLE).

Definition 5 M estimators are extremum estimators such that the objective is to maximize

a sample mean

n

Qn(0) = %Zq(w;@. (3.7)

i=1

Under MLE, denotingf(.; §) as the p.d.f. of, one maximizes:

Qul0) = = > log f(ui10), 38)

so that they(.) function is the log likelihood of the observatign
Estimating the hessiaR is usually not a problem even for general extremum esti-

mators because it can be recovered by taking the sample anaduecalculating the
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hessian for each observation and averaging over all observations. The remaining term

9Qn (0)

=35~ Is now an average, so that applying the central limit theorem

0Qn(9) 9q(7; 60))
NG 0 —)N(O,}/GT(VT)I). (3.9

=X

This variance ternt can then be estimated by taking the covariance associated to the
sample analogue vector:
9q(y1,0)
00
V= : . (3.10)

9q(yn,0)
00

This method is extremely important for applied analysis, because the researcher needs
only to lay out a set of functions as a vector (or matrix ifs multidimensional) and
compute a covariance.

In the case of maximum likelihood, it is well-known that= > ~! so that, simplifying
(B9),

Vn(Orre —0) —4 N0, B™Y). (3.11)

The HessiaB = —E(%) is Fisher’s information matrix and can be estimated
with its sample analogu® by taking the second derivative of the log likelihood at each
observation evaluated &t Over a wide class of problem&! is the Cranér-Rao lower
bound such that no other estimator can have lower asymptotic variance. Because the first-
order condition on the log-likelihood is also a moment condition, MLE can be interpreted
as an (asymptotically) optimal choice of moment conditions.

Maximum likelihood estimation admits a test statistic for nested models known as the
likelihood ratio test. The objective of this test is to assess whether a simplified model, for

example a model with fewer mechanisms, can explain the data. Let a restricted parameter

space be denoted, with maximum likelihood estimaté,. Under the Null hypothesis
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thatd, € ©,, the test statistic

ALk = 2(Qn(0) — Q,(6,)) (3.12)

is asymptoticallyy?(d) with degree of freedom equal to the differeniie the dimensions
of © and®o,..

Not all inference problems may require the researcher to compare a model against a
more general one because even if the larger models fits data better, it may be significantly
less parsimonious or cumbersome. In some cases, it may be of interest to compare two
non-nested simple models to decide which of these two models is least misspecified.

A test statistic to answer this question is the Vuong (1989) test. Let us write the log

likelihood ratio in 82 more generally as

LR, = QL(0") — Q%(6%), (3.13)

whereQ’, (resp.,éi) refers is the average log likelihood (resp., MLE estimate) of model
i. Under the Null hypothesis that two competing models are equally far from the truth, in

the sense of their expected log-likelihood ratio is zero, the test statistic

LR,

A =
W

(3.14)

is asymptotically standard-normal, whebg is an estimate of the standard error/a®,,
and can be estimated as BaT0) by writing a vector of all likelihood ratios by observation,

and calculating the standard-error of this ve€or.

10several adjustments to the numerator of the test statistic exist to improve the finite-sample properties
of this test see, e.g., Vuong (1989). In particular, a common adjustment to the test statistic is to substract
from the numerato{“;—’” Inn, wherek; is the dimension of the parameter space in medel
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3.4 Generalized Method of Moments

A second example of extremum estimators is the generalized method of moments (or
GMM). Under GMM, the estimation procedure is based\dimoment conditions with a

M x 1 vector functiory(.) that must satisfy:

E(g(7,00)) = 0, (3.15)

at the true value of. This suggests an objective function

Qn(0) = (Zg(ynG)),WnZg(yi,@)’ (3.16)
n n

whereW,, is an arbitrary positive definite weight matrix that assigns weights to the mo-

ments.

If WW,, converges to a definite positive matrix, this estimator will typically satisfy the
conditions for consistency and asymptotic normality. However, a good choice of weights
should select moments that contain information about the parameters. Intuitively, mo-
ments that are more noisy should be given lesser weight and it can be shown that the
optimal weight matrix, in the sense of obtaining the lowest asymptotic variBnés B
is obtained withiW—! = Var(g(y,#)). This important result implies that, if the function

g(.) is known, the process of estimating optimal weights is straightforward by choosing

1
Wa == 9(y:,0)9(yi,0)', (3.17)
which can be computed by taking the covariance of a stacked matrix of moments:

gl(ybe) gM<y279)
(3.18)

9 (n,0) . g"(yn,0)
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This is similar to the method applied iB{M) and involves recovering a matrix by
evaluating the random variable at each observation. For applications in whjdk ad-
ditively separable ir#), the covariance matrix does not dependtoand the covariance
can be estimated without knowledge @f If, on the other handlV,, depends o, all
asymptotic properties of generalized method of moments can be obtained with a two-step
procedure in which a first estimate 6fis obtained using an inefficient weight matrix
(i.e., the identity matrix) and then plugged in to obtain an estimate of the efficient weight
matrix. Betterfinite samplgoroperties can sometimes be achieved by repeating this pro-
cedure with new estimates to obtain more precise weight matrices; however, asymptotic
properties of the estimation are not improved over a two-step procedure.

In what follows, assume that’~! = Var(g(y,0)) is set to the optimal weighting
matrix. Applying the asymptotic normality i(Bd) and simplifying with the optimal

weight matrix,

V(0 — 8y) —a N(0,(G'WG)™), (3.19)

whereG = E(%) is the gradient of the moments and can be estimated using a

sample analogue

1= 9g(y;, 0
G=n2 Ta
Generalized method of moments also admit a specification test known as the Hansen’s
J-test. Under the Null hypothesis that all moments are satisfied by the data, the J test
statistic

J = nQ,(0) (3.20)

is asymptotically®(d) whered is equal to the difference between the number of moments
and the number of parameters.
Some word of caution is required when interpreting a J test. Strictly speaking, rejec-

tion according to the J test means that the model is not a complete statistical explanation
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of the data generating process as assessed by the moments. However, a J test rejection
does not mean that the model has no useful implications or that the statistical differences
between model and data invalidate all policy implications. Furthermore, responding to
violations of the J test with a systematic search for a model that is not rejected, or by
choosing moments that were found to fit well, invalidates the asymptotic distribution of
the J test due to multiple hypothesis testing. Hence, not all researchers choose to compute
this test statistic and failures of a J test are to be expected when a model is used to simplify
a complex reality, what one might reasonably characterize as an intended objective rather
than a weakness. In practice, a direct comparison of model-implied versus data moments
Is often more informative than a pass-fail test result in order to diagnose what specific

data features are not fitted well by the model and guide future research.

3.5 Simulated Method of Moments

Many models do not have a closed-form solution; in these cases, writing an exact mo-
ment conditionE(g(g, #)) is infeasible and the researcher would instead use an approxi-
mation using a numerical solution of the model. For example, in the introductory example
2, the moments were approximated by simulating a dataset from a solution of the model:
many dynamic model estimate with a full solution method would require simulation to re-
cover the moment conditions. This method is known as simulated method of moments
(SMM) and requires only minor adjustments to GMM. In principle, if the precision of
the simulation becomes large as sample size increases, all asymptotics of GMM will ap-
ply. However, to improve the finite-sample properties of the estimation, it is relatively
effortless to incorporate simulation noise.

In what follows, we focus on the most common application in which, for a dataset
the moment conditiofiL(g(7) —(0)) is such that the functional form @f(6) is unknown.
Defines € [1,...,S] simulated datasetg;(¢)), obtained from solving the model numer-

ically at # and generating' simulated samples (or “fake” data). Computers use pseudo
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random generators in which, by choosing a seed, the same simulation can be performed.
Practically, each simulated sample is drawn with a different seed (or the simulation would
be repeated) but the seed of each simulation should be held fixed across parameters, so
that differences in simulation do not confuse the search for optimal pararfeters.

Under SMM, the researcher finds a moment estiméatmy solving

0 = argmingQn(6) = gn(0)' Wagn(6), (3.21)

using a simulation for the unknown model prediction:

1 1
0) = — hiz;) — — h(y; . 3.22
) = 1 S i ) 322
Samplgmoment ) simulat;amoment/

Because simulation noise {g;(0)) is independent from empirical sampling noise in
(y:), SMM can be understood as adding an exogenous noise term to the moment condition.
Carrying over this term (Gourieroux, Monfort and Renault 1993), it can be shown that,

holding S fixed in sample size, the asymptotic variance of the SMM estimator is

~

V(0 — ) =T N(0, (1 4+ %)(waa)l). (3.23)
The J-test statistic must be adjusted for the fact that the objective function is now estimated

with noise:

J=(1+ %)‘%Qn(ﬁ). (3.24)

The key benefit of SMM is that it opens the estimation of any model that can be solved
numerically, i.e., without knowledge of analytical methods to compute theoretical prop-

erties. Modern computing has also made it much easier to solve larger modethe On

I the seed is not held fixed, the search algorithm will automatically re-sample simulated datasets to
optimize over the seed that best matches model features, overfitting the model by selecting an ideal random
draw.
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other hand, the method is several orders of magnitude more computationally intensive
than other estimation procedures because it requires to solve and simulate the model for
each parameter value, making it more challenging to estimate the model for a very large
parameter space. For this reason, most applications are such that some parameters, iden-
tified without knowledge of the entire model, are estimated via a different method and

plugged in the estimation.

3.6 Analytical Methods to Estimate Standard Errors

Up to this point, we assumed that there exists a fungjioncharacterizing a moment
in closed-form; for any problem where this is the case, the methods developed above
offer all that is needed to estimate parameters and derive their standard-errors. Below,
we consider additional tools useful when the extremum estimator cannot be written as
a straightforwvard moment condition or because the moment condition does not have a

closed-form.

3.6.1 Delta Method

The delta method is a tool that can be used to derive the asymptotic properties of trans-
formations of estimators satisfying asymptotic normality. It can be used in any applica-
tion where a quantity of interest, for example, price efficiency or welfare, is a continuous
function of the estimated parameters. Suppose dHatan estimator of satisfying a

normal asymptotic expansion, that is,

~

V(0 — y) —a N(0,%). (3.25)
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The delta method states that for a differentiable functioiwith finite non-zero gradient,

A~

the estimatof.(0) is also asymptotically normal with:

Oh(8y) . Oh(00)

V(h(6) = h(8)) —a N(0, ( AT,

). (3.26)

3.6.2 Clustered standard errors

The methods assume that observations are independent, which is rarely true in appli-
cations. For most applications, the most important form of correlation is within a group
of observations (for example, within firm). A dataset has clusters is the dataset can be
divided into separate subsampl& = (y; ;)i*,,, where observations are independent
across two clusterg £ j' but may be correlated within a cluster.

In the presence of clusters, it is sometimes possible to return to the baseline model
by redefining an “observation” as a clust€y. The only difference is that the number of
observations now represents the number of separate clusters; for example, in maximum
likelihood, ¢(.) will be defined in terms of the log likelihood of the entire cluster (say,
the time-series of a firm in the sample). Similarly, sampling can be adapted to sampling
by cluster, or block bootstrap, so that, for example, the researcher draws firms instead of
drawing individual observations.

Using this analogy, for generalized and simulated method of moments, the weight
matrix can be adapted to clusters after reinterpreting assignment into a cluster as a ran-
dom variable. Because observations are independent across clusters, the variance of the

moment can be written as the sum of the moment variance in each cluster:
1 J
wl==2 § \% 0,7 3.27
n — CLT‘(gk( 7y)7 ( )

whereVar(gx(6,y) can be estimated as the variance of the moment condition in cluster

k by, as usual, stacking the moments of each observation in cluster
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There is no simple analogue to these methods with two-way clusters, for example, if
observations are correlated within firm and within year. If these correlations are important
for the research question, a partial solution is to control for time heterogeneity by pre-
cleaning variables with a fixed effect regression, detrending variables, or adding time
fixed effects to the model. Alternatively, for known correlation structures, a demanding
alternative is to simulate errors from the estimated data-generating process, i.e., using
the statistical model to draw new error terms rather than the data. Unfortunately, this
procedure may be inappropriate for stylized structural model whose purpose is not to fit

the data in a statistical sense.

3.6.3 Influence Functions

Influence functions generalize the idea of deriving variances by stacking functions in
(B3). To form intuition about influence functions, consider the method used earlier by
stackingg(y;, #) to derive the weight matrix: we refer gy, #) the influence function of
the moment and influence can be calculated more generally to derive standard errors of
other estimators.

Consider an M estimator. Therf8B) can be expressed as

A 1 9*q(7,60) 1 9q(yi, 0o)
N ~ -F ’ - v 2
=00 o0 ) g ) (3.28)
If‘?(;i)

where the influence functiohF'(y) can be stacked to obtain the asymptotic variance of

the estimator. For example, in the case of maximum likelihood,

ﬁlnf(y, 60) ]

IF(y) = —B 1S

(3.29)

For the case of GMM estimators defined by moment conditions, using the mean-value
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expansion off3) yields:

A 1 - 1
_ ! -1 ~ ! -1 .
b=t =-(CWE) W > 9 0) ~ 2 > -(G'WG) W9y b), (3.30)
=A

with 7 F'(y) defined as the influence function of the GMM estimator. Hence, a numerically
equivalent method to estimate the asymptotic variance of the GMM estimator is to take

the covariance of the pointwise empirical influence functions

~

IF(y1) —(G'WG)LGWg(y1,0)
= : : (3.31)
IF(y,) —(G'WE) ' GWg(ya, 0)

The empirical influence function & x M, with dimension to the number of obser-
vations N times the number of momenfd, so we can think about each column as the
influence function of each moment.

The observation holds more generally to compute the asymptotic variance of a vec-
tor of estimators as long as their individual influence function is knowr F}f denote
the influence function of);, the influence function of = (6,,...,0,) is IF(y) =
(IFi(y),...,IFy(y)) so that an asymptotic covariance can be estimated by stacking the
empirical influence functions whereby each coluims a column vecto(]}?i(yj));?zl.

For example, using this method, one can easily compute the asymptotic covariance of
an estimato = (0;,6,) such thatd; has been estimated by MLE whily has been
estimated by GMM.

The analogue to the delta method for influence functions is the chain rul€é(tet . ., 6,,)
be a smooth function and such thiat= 7'(6;, ..., 0,,) is a function of M estimators;

whose influence functiofiF; are known. Then, the influence functionéis given by

A

= 30 B ), (3.32)
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Lastly, a common use of influence function is for carrying standard errors in multi-
stage estimation. Assume that a momegnt 6; ¢) is a function of an estimatar which
can be estimated without knowledgefbénd is plugged in the moment condition. If the

influence function of this estimatdiFs is known, the influence function dfis

17(y) = 1)~ BCXE20) ), (339

wherel Fj is the influence function of if § is known.

The examples below illustrate common estimators for which influence functions are
easy to derive and known. To facilitate the exposition, it will be helpful to simpBEzQ)
for the case of a single moment:

IF(y) = —]E(%)1 9(y,00). (3.34)

N——
=G-1
Example 1.g(y, m,) = y* — m, is the moment condition of an uncentered moment,
thenG = —1in (B339 and/ F(y) = y* — ma,.

Example 2:The variancer? satisfies the moment condition:

g(y7 02; ml) - (y - m1)2 - 027 (335)

wherem, can be plugged-in as a first-stage estimate. The influence function is then

obtained fromB=33) as

IF(y) = (y —m1)® — 0 4+ 2E(5 —mq) (y — mq) = (y —m1)® — o°. (3.36)
—_——— —

69/6m1 Ile

Example 3:The covarianc€ of (g, 2) is given by a moment condition((y, z),0) =

(y —my)(z —m,) — C, wherem, andm, are the means of each random variable. Using

59



the plug-in method,

IF(y,2) = (y—my)(z—m;) —C—E(Z—m.)(y —my) —EG—my)(z —m.)

=0

J/

Example 4:Consider a linear model with = 3 + ¢. A least-squares regression can
be stated as a moment conditigf{y, =), 3) = z(y — z(3) and has an influence function

(Kahn 2015) given by:

IF(y,z) =E(#'%)  2(y — 20). (3.37)

As a special case, the influence function of a conditional expectation can be obtained
using 3=37) with = defined as an indicator variable for the conditioning event, and an

auto-correlation coefficients by usingas lags ofy.

3.7 Best Practices in Structural Models

As the preceding sections primarily emphasize various tools to estimate structural mod-
els, we relegate to this section some prescriptive notes relating to best practices when
building and estimating a structural mode. These are intended as general principles rather
than rules, and so should be taken as “Should” versus “Shouldn’t” given that there may
be specifics of a problem that require a particular approach or make some of these recom-
mendations infeasible.

Items below refer to “Should” whenever possible.

1. Use aglobal search algorithm with bounded parameter space for baseline estimates;

extend the bounds if the estimated parameter is on a boundary.

2. When using grids, check simulated data if the grid is sufficiently precise and poli-

cies in the simulation remain in the interior of the grid.

3. Check numerically for identification by simulating data from known parameters

60



10.

11.

near the baseline estimate and runninggmeestimation procedure as the base-

line.

Use an optimal weight matrix when there are more moments than parameters but
always use a method with reasonable precision for the weight matrix coefficients: as
is well-known in portfolio theory, a poorly estimated covariance matrix can perform

worse that a rule-of-thumb equal-weight matrix.

Explain the choice of moments in generalized method of moments and provide a

theory as to why moments may plausibly identify each parameter.

In simulated method of moments, compute the theoretical moments accurately by

using more observations (5 to 10 times) than in the dataset.

Non-parametric bootstrap is generallg@sistenestimation method for the mo-
ment covariance matrix and standard-error on estimates (generally, any asymptot-
ically normal estimator) but it is not always the most efficient. Avoid parametric
bootstrap, i.e., simulating from the model, unless none of the other methods is fea-

sible.

Examine interesting theoretical properties of the model, or of a simplified model,

before it is formally estimated; understand economic mechanisms.

Do not use maximum likelihood without a sufficient model of unobserved noise

terms.

Do not plug-in other estimates into an estimator without carrying first-stage standard-

errors, using influence functions or bootstrap.

Write models that are internally-consistent. Internal consistency is usually more

important than descriptive realism.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

Avoid treating as exogenous parameters that are likely to change in response to a

key counter-factual in another parameter.

Take special precautions when computing numerical derivatives: for a given step,
ensure that a change in the precision of the solution algorithm has small effect on

the numerical derivative.

Don’t throw away your model because it fails a specification test; don't system-
atically tweak a model until it passes a test; failure to find evidence that a well-

accepted model explains data is a meaningful result.

Avoid estimating too many structural parameters unless the objective function is

very smooth and concave.

In SMM or GMM, don’t use moments whose connection to parameters of interests

is unclear.

Don'’t use a particular econometric method because it is used by other papers if

there is another consistent estimator that is more suitable to the model.

Avoid long loops on an interpreted language like Matlab or R (use C or Fortran if

using loop); think about vectorizing code.

Avoid motivating a paper as “writing a model about phenomenon X”; motivate it as

answering a concrete question.

Don’t use complicated econometrics or numerical methods for a small gain in effi-
ciency unimportant for the research question, if there is a simpler method that can

be replicated more easily.
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4 Dynamic Models

4.1 Value Functions and Dynamic Programming

This section reviews numerical methods to estimate models featuring dynamic choices.
The “full solution” approach, used in the introductory example in Sediiéninvolves
solving for the optimal choice for any parameter value and match the theoretical predic-
tions of the model to features of the data. The most common method to solve dynamic
models is the principle of dynamic programming by Bellman (1966).

An economic agent operates over a time horizen0, ..., co. The agent solves the

following dynamic program:

T

V*(zo) = n&a;c EO(Z Bru(zs, di)| o), 4.1)
‘ t=0

wherex; € X is a bounded vector-valued state evolving according to a Markov process
Q(z'|z,d) = Pr(xyy < 2|z, = z,d; = d), d; is a decision made each period which
can be a function of past statés,),<;, and the payoff function(.) is continuous and
bounded. Unfortunately, numerically solving this problem is difficult because it involves
solving an objective in an infinite number of policies).

Equation E1) implies that, over all statesattained at some point of the process, the

Bellman equation associated to this problem is
V*(z) = max u(x,d) + BE(V*(2')|z, d) (4.2)

where, by conventiony’ refers to the next period state and is drawn usiidz, ¢). The
intuition for this reformulation of the problem is that the discounted value obtained in
statex can be decomposed as making an optimal decision in one period plus the expected

value of the state attained in the next period. This problem is simpler to solve because
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the researcher need only solve #6t(.), a function with the dimensionality of the state
space, and then can derive a policy functifr) by solving equationZ2).

It is convenient to statéd(2) as a functional fixed point: the value functidff must
satisfyI'(V*) = V* whereI'(.) is an operator that such that, for any functionI’(V) is

the function defined by:
L(V)(z) = max u(x,d) + BE(V (2')|z). (4.3)

Although the value function solvingd(2) must be a fixed point, not all fixed points
need to be an optimal solution. Therefore, a common step to guarantee the validity of the
method is to ensure th&tV') = V' has a unique solution, which must then necessarily
coincide with the solutiov* of the original problem.

A key result to guarantee this property is the contraction mapping theorem. In what

follows, let (M, d) be a complete metric space such thate M.

Theorem 4 Supposé' : M — M is such that there existse (0, 1) withd(I'(V'),T'(V’)) <
kd(V,V’) foranyV, V' € M. Then,I" admits a unique fixed point* in M and, for any
Vo € M, I'"(V}) converges td/*.

Under the conditions of Theored) I is said to be a contraction. For many dynamic
programming problems, there exists a set of sufficient conditions that are usually easy to

verify and which guarantee that the problem is a contraction.

Theorem 5 (Blackwell sufficient conditions) LetT" : M — M be defined on a set of

bounded functions and such that:
1. (monotonicity) fol/;, Vo, € M such thatV;(x) < Va(z), ['(V)(z) < T(V')(x);
2. (discounting) there exists € (0, 1) such thatl(V + a)(z) < I'(V)(x) + Ba.

Then,I" is a contraction.
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Blackwell's sufficient conditions hold generally for any dynamic programming prob-
lem. In the special case df as defined in43), Blackwell's conditions 1 and 2 are
satisfied, so proving that a program is a contraction requires only to show that there is a
reasonable class of bounded functions suchlthatt — M.

The contraction mapping theorem is also a proof method to derive theoretical prop-
erties of the model. Suppose that we want to show that the value function satisfies a
propertyP; for example, it may be concave or monotonic. To show this claim, it is suf-
ficient to prove that'(V) satisfiesP for anyV € M satisfyingP. Formally, as long as
Mn{V .V satisfiesP} is a complete metric space, the contraction mapping will imply

thatV* is also in this set and will satisfy the property.

4.2 Numerical Analysis and Discretization

When implementing the solution to a dynamic programming on a computer, there are
many methods available which differ in terms of computational speed and accuracy. We
develop here an introduction to typical steps used in any implementation of these meth-
ods. Note that these steps should be viewed as a general template for computation. All
coding languages offer user-supplied code for various standard tasks such as numerical
differentiation to compute gradients and Hessians, or fast numerical integration.

The simplest (and usually quickest) method to solve a dynamic program is to solve

the fixed point’(V*) = V* in one step, by approximating

Vi) = V(z; (a7)izy) (4.4)

using a flexible approximating family of functions indexed by a finite set of parameters
(a;)"_,. For example, polynomial approximations, such as Chebychev or Legendre poly-

nomials, can in principle approximate any smooth function.
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The researcher can then maximize an objective function

(@)1 € anin / V) (s (a)y) — V(a: (@), dF () (4.5)

(a’lz 1

where F(.) is a distribution with full support over the set of states ani$ chosen so

that the minimum is small. The ideal choice Bf.) would be to choose the steady-state

distribution over the gridXc; however, this is computationally complicated because it

requires to simulate this distribution (by simulating many péth$’_,). For this reason,

a simpler approach is usually to use a uniform distribution over a bounded set of states.
The next methods are based on the second pad) aind rely on the fact that, for any

starting guess$;, I'"(V;) should converge to the correct value function. The following

algorithm is known as value function iteration.
1. Atthe first step = 0, start from a guess fdr*, for examplel;(z) = 0.
2. Using the current gues$s, evaluate the left-hand side @B) usingV; and, solving
for the optimal policyd;, calculate a new guess

Vipi(z) = T(Vi)(z) = maxu(z, d) + PE(Vi(a")|z). (4.6)

3. Check if the change in the value functidfV;, V;,1) < d, is below a certain con-
vergence threshold,. If this condition is satisfied, stop the algorithm; if it is not

satisfied, increaseby 1 and restart step 2.

An alternative to value function iteration is policy function iteration, which features
fewer calls to the expensive step of maximizidg3 and replaces by the much cheaper
step of computing values by repeating applications of the optimal policy. One can improve

the update at step 2 using:
2'. In step 2, replace the update E®) with the following step: for the optimal policy
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d;, obtain a value function:

T
Vi+1($) = EO(Z ﬂtu(l’t, dt>’$0 =0, di), (4.7)

t=0
by applying the policy functiow;.

For models with stochastic statés, ; (z) in (&) can be approximated with Monte Carlo
methods, by drawing a path ¢f;) and applying the decision rul&. This method re-
quires additional coding for this step, but is usually faster because the additional step 2’
yields a value function consistent with the policy without requiring a maximization.
Because computers do not operate on continuous spaces, the first step is to select a
finite grid for the state space. To illustrate these methods, suppose that each state is two-
dimensionak = (y, z) such that/ = f(z,y, z) is an endogenous state that depends on
past states and past decisions, whils a random exogenous state with c.dX,(z/|z).
These methods can be readily extended to random endogenous states and additional di-
mensions. For a state spaie= Y x Z, consider a gridX? = Y9 x Z9 with a total
number of grid points:, = n, x n..™ The maximization in4=3) is now performed on
every point of the grid, and the new value function is updated on the grid.
A complication may arise when working with grids because, for a given decision
d, ' may not be on the grid. There are several solutions to this problem. The first
solution is to constrain the maximization to a grid tbisuch that:’ € X°¢. Because
this is often inconvenient, an alternativedf = f(z,d, z) has an inverse(.) such that
¥ = f(z,¢(2’), z) is to rephrase the problem such that the next stgteonstrained to
the grid X¢ is a choice variable. As an example, in a neo-classical investment model in
2, the next period capital i8' = (1 — ¢)z + I where the investmertis a choice. This

model can be rephrased by maximizing in next-period capital stbakd substitutingn

2While in the general modet;, . ; may be a random function of X, andz, this formulation is without
loss of generality in problems whesg1 = ¢ (x4, dt, 2¢) + €. In this case, one can redefine an auxiliary
i.i.d. exogenous variablg o = ¢, and writez’ = f(z, (2, 22), d).
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implied investmenf = 2/ — (1 — §)z required to achieve’.

Unfortunately, this approach may not be feasible wireés random or its relationship
with choices is non-trivial. In this case, an alternative is to use an interpolation methods
where for anyr’ ¢ X9, the valuel/(z') is obtained as an average of values on the grid.
Various implementations of these algorithms exist for all programming languages. When
interpolating, it should be verified that there isxieutside of the range of the grid since,

then, the interpolation is simply extrapolating using its own assumed functional form.

4.3 Vectorized Code

The methods developed so far involve a loop over all states. Loops are fast and efficient
with uninterpreted languages, such as C or Fortran, but long loops are unsuitable for in-
terpreted languages. Hence, when working with interpreted languages it is almost always
preferable to vectorize code in order to avoid loops. When vectorizing, the maximization
is conducted simultaneously over a matrix of all state-contingent payoffs instead of being
maximized sequentially in a loop.

In vectorized form, the maximization

maxu(z,d) + BE(V (2')|2),

=M(i,k)

is now represented as a matrix whose first dimensions are the grid points of the; state
and the next dimension is a grid point for the decisihne DY. The matrix is two-
dimensional when the state and the decision are vectors but otherwise has dimensions
equal to the sum of the dimension of the states and the dimension of the decisions. For
any (i, k), the matrix should contain the payoff in brackets. Interpreted language are able
to quickly maximize the matrix in its decisioh to perform one iteration of the value
function without loop. In some cases with large matrices, vectorized code can be further

accelerated using a GPU.
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To illustrate, consider the special case of this problem in which the state has two
dimensions(y, z) and the decisiod = ¢(2’). Then, the above maximization can be

written as:

max u(y(i), 2(j), o(x(k))) + BE(V (z(k), 2')|z(j))

k

—M (i)
The current period payoff can be directly written by evaluatitg(i), z(7), ¢(z(k))).
The second part, which is a conditional expectation, can be obtained by calculating
Q.VM(i,5) whereVM (i, j) = V(x(i),y(j)) is the value function in matrix form. The

updated value function can then be calculated as
VMG ) = max M (i, j, k),

which can be performed on any interpreted language.
If a state space = (z,y) contains an exogenous state whose distribuf)éfy’|z) is
an auto-regressive process; = pz; + (1 — p)z._1 + €, Whereg, is a distribution with
finite moments, the Tauchen (1986) method yields well-known approximations for the
state space € Z, and the transition probabilitie@?(z' € Z,|» € Z;). This method is
commonly-used for cases in whiehis normal and is easily adapted to functions of nor-
mals (lognormal), but the approximation can be applied to more general distribftions.
There are also approximations that are less precise for finite grids but are computa-
tionally faster. These methods can be easily adapted to auto-regressive processes but are
most intuitive in the i.i.d. case wherg has an i.i.d. distributior¥'(.). Given a grid of
I quantilesA; = (F~(i/(I + 1)));ep,n, Standard results guarantee tiiatan be ap-

proximated as a discrete uniform distribution with supportAgn In models where;

BMost textbooks on numerical methods advise not to use approximation methods relying on normalized
densities, given that they are known to be inferior to the Tauchen method (Judd 1998a). Such methods
usually involve evaluating the density at a point of each discretized interval (for example, the mid-point)
and normalizing by the sum of densities so that probabilities add to one. Unlike the Tauchen method, which
is based on cumulative probability functions, these methods can become imprecise when densities are very
small or vary quickly.
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is the only random shock, it is possible to compute the expectaifitii; (') |x) by first
evaluatingV;(z)|z) and taking an average over all values:0é6n the grid.

The endogenous variable presents more significant challenges because, a-priori, a suit-
able grid is unknown and may vary as a function of parameter values. Most authors will
manually improve the grid as an estimation converges by checking that, in simulations,
states tend to be reached in areas interior to the grid and the grid is sufficiently precise so
that further refinements would have small effects on the optimal policy.

It is sometimes possible to use a dynamic grid guided by solving a simpler prob-
lem that yields upper and lower bounds on the grid or populate a tighter grid in more
influential parts of the state space. A notable challenge with dynamic grids is that, in sim-
ulated method of moments, they can interfere with the process of calculating gradients of
moment conditions. A derivative may be affected by changes in the grid and cause the
gradient to be either too high or too low; it is also difficult to compare the suitable preci-
sion of a dynamic grid with the suitable precision of a numerical gradient. For this reason,
it is preferable to use dynamic grid initially to search for an estimate, but then revert to
a precise fixed grid for the final local search and computations of gradients. Ideally, a

numerical gradient should not vary when increasing the precision of the grid.

4.4 Application to Dynamic Conditional Choice Probabilities
4.4.1 Observed States

The standard dynamic discrete choice model was proposed by Hotz and Miller (1993)
as an alternative to solving the dynamic model in problems where states and choices are
observable by the researcher. Hotz and Miller observe that the value function, which is
usually numerically solved under conventional full-solution approaches, can be inverted
from the probability of each choice conditional on each observed state. By avoiding the

computational step of solving the value function, the approach can accommodate richer
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models than full-solution methods. It has received considerable attention in industrial
organization and marketing, where the large set of individual and brand covariates can
make it difficult to solve models. We develop a below a brief treatment of conditional
choice probabilities (CCP), first when states are perfectly observed and, then, in its recent
development with unobserved states (Arcidiacono and Miller 2011) provided that the state
is not affected by choices.

A firm indexed byn € [1, N| operates over an infinite horizan= 0, ..., o0 and

receives current period payoffs

v~

EUj (Znt)

where ()6 = (a;,b;,c;,d;)es is @ set of parameters to be estimated, (i) each J
indicates a choice, (iiiy,; = (z., s,) iS a state from a spacé = X x S withn, =
n, X n, elements drawn according to a discrete distributfofx,.:+1|2,:), and (iv) the

vectore,,—( ) Is period noise i.i.d. over time and follows a type | extreme Value

€nlts--€nJt

distribution with c.d.f™

G(€n) = exp <— Z exp(—enjt)> : (4.9

j
To set ideas, a simplified example of this model is from Rust (1987). Each period,
the firm receives a payofiy(z,;) = €, from replacing its bus, or can, alternatively,
keep its current bus with age,; for a payoffu,(z,;) = bx,; + €n1:, Wherebz,, is the
expected cost of repairs, ; reflects idiosyncratic factors of bus engines. Conditional on
replacement; = 0, the age of the bus is,;,; = 1 and conditional on keeping the bus,

the age advances 19, = z,; + 1.

YThe type | extreme value assumption implies that the estimation reduces to a standard logit, simplifying
the computation of the likelihood but is otherwise not to critical to these methods. With minor changes to
the equations, the model can accommodate correlation within-period errors (i.e., replacing the logit with a
nested logit), see, e.g., Arcidiacono and Miller (2011) equation (3.18).
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The firm sets a Markov decision rugz, ¢) = (dy(z,¢€),...,...d(z,€)), with each

d; € {0,1} and}_; d;(z,¢) = 1, to maximize

V(z)=E ( 3 Zﬁtdj Znts €nge) [U5(2) + €5¢)|2n1 = Z) . (4.10)

=0 ]:1

Standard results in the literature demonstrate thiatin general not identified (Rust
1987, Magnac and Thesmar 2002), so we shall assume throughout that0, 1) is

known. For any: andj, the conditional choice probability (CCP) is

py(z) = / d;(z,€)dG(e),

with associated vectas(z) = (pi(z),...,ps(2)). Letv;(z) denote the lifetime payoff

from action;j without the period noise
v;(2) +6Zv )fi(2']2) (4.11)

Because;(z) = Pr(j € argmax;v; (z)+e; ), standard extreme value theory implies

(McFadden 1973) that
evi(2)=v1(2)

1+, et B!

pi(z) = (4.12)

which implies the structure of a multinomial logit in which the probability of chgice
written of the value function for choicgnet of base choice with index= 1. However,
because the mapping between the maty{x) — v, (z) and the period utility parameters in
(&8 is unknown, this step does not yield yet an estimation procedure for the parameters
of interest. Making this mapping explicit is the focus of the next steps.

When @3) holds, Hotz and Miller (1993) show that

V(z) = vi(2) = v — In(p;(2)), (4.13)
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where~y ~ 1.781 is Euler’s constant. Reinjecting the above equation evaluatgd-at

into (1),
vi(2) = u;(2) + B fi(Z]2) (w1 (z') +7 = In(p (=), (4.14)

which implies that allv;(z) can be written as a function of a benchmark chaige).
As in static discrete choice, utilities are identified up to a base choice. Hereafter, we
normalizeu, (z) = 0, so thatu;(z) is the incremental utility of choicg over base choice

1 conditional on state.

Evaluating B-T4) at j = 1 implies the following system of equations for(z):

n(z) =0 L)) +7 = (). (4.15)

If the statez,,; is observed, the model can be readily estimated with a three-step pro-
cedure making use of the economic restrictionsAiiy-(Z-15). We refer to(d,. ¢, zn;t)

as the empirical sample of decisions and states.

Step 1. Obtain first-stage estimates from the transition probabilifies|z) and the
CCPp;(2'). For a small number of states in which each state is visited sufficiently often,

one can use a bin estimator:

~ Ztn 1Znt:Z Znt+1=z’ dn 't:1
S /i (4.16)
’ Zt,n 1Znt:z,dnjt:1
1Z'n =ZzZ,dnjt=
o = (4.17)

Zt,n lo=-

For a larger number of states in which some bins may not be precisely estimated,
one may alternatively use a parametric form, efg(z’|z) = ¢(3) + iz + ()2') and

p;(2) = (v +viz+142"), wherep(.) a known cumulative density function, and estimate
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the parameters by maximizing the log likelihood:

['BZ/ = Z dyje In fj(znt+1 ’Znt) + Z it 1nﬁj<znt+l)) . (4.18)

t,n,j t7n7j
N Vv d TV d

Ls L,

Note that, in the right-hand side d&{[8), L5 andL, can be estimated separately.

Step 2. Plug these first-stage estimates inioIf) and solve forv,(z) from a linear

system ofn, equations im_ unknowns:
vi(z) = B fil2'2)(n(2) + 7 — (pi(2))). (4.19)

Step 3.Having solved forv;(z) in step 2, compute the value from the other choices
v;(z) from (@T4). The model can then be estimated by maximizing the likelihood asso-

ciated to equatiord(12):

Vi (znjt) —v1(2njt)

= dn it
£ - H H(l + Z]'/ evj’(‘z”jt)_vl(znjt)) gt (420)

n tj
N

J/

-~

Eln(sn)
4.4.2 Unobserved Heterogeneity

Suppose next that the statg € S is unobservable to the econometrician ands
drawn with probabilityr (s, ). The intuition for adapting CCP to unobserved heterogene-
ity is that states imply different likelihoods over observed choices, so that the distribution
of the unobserved states can be (in principle) estimated by maximizing a likelihood. How-
ever, the estimator of the CCP 1) is no longer feasible (as it depends o).

Arcidiacono and Miller (2011) propose an iterative method relying on the fact that (i)
if the CCPwereknown, one could easily estimate the likelihood that a firm is in state

s from its choices, the conditional probability of each choice (i.e., CCP) and Bayes rule
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- also known as expectations maximization (EM) algorithm; and (ii) if the likelihood of
each state is known for each firm, we can derive the CCP by weighting choices by the
probability of the state.

To implement this method, let firgt’(z) be an initial vector of conjectured CCP,
a conjectured vectaf® and a conjectured probability of state¥(s). Given thats,, is
constant within firm, the transitiofi(z’|z) can still be painlessly estimated fro@{®) or
a related method. The following steps are replacements to steps 1-3 in the baseline model

without unobserved heterogeneity.

Step 1'.Solving the system of equations in step 2, the functjgr) can be calculated

for any states and implies that the probability that firmis in states is

= ()
LU SR TNE ) 4.21)

and the distribution of states can be updatedta) = > ¢, (s)/N.

Step 2’.Rewrite @T7) by weighting the choices of each firm by the probability it is in

states:
pl(z) _ Ztm Q%(S)lxnt:xydnjtzl
’ Ztv” qé(s)lﬂ?nt:w

(4.22)

Step 3'.The likelihood can then be adapted by integrating over all states, that is,

L=]]a()(s), (4.23)

and maximized i to obtain an update@. Estimates fop(s), 4. (s), 7(s) andd are then

obtained by iterating over steps 1’ to 3’ until convergence.
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4.5 Renewal Problems with an Application to Auditing

Discrete choice models have been recently applied to estimating models of audit choice
(Gerakos and Syverson 2015, Gerakos and Syverson 2017, Guo, Koch and Zhu 2017,
Cheynel and Zhou 2020b, Guo, Koch and Zhu 2021) given that preferences of clients for
audits with various characteristics, such as auditor size, experience, specialization, can
be approached as the purchase of a differentiated durable credence good (Causholli and
Knechel 2012).

Consider a simplified version of the dynamic discrete choice model in Cheynel and
Zhou (2020b), where client and auditors consider the current and future value of their
existing relationship. In their model, a renewal occurs when the client changes auditor.
Formally, a renewal problem is defined as transitions such that making the base choice
j = 1 leads to a future statethat does not depend on the current state (for example, a

replacement choice). Under this assumption, equalididy simplifies to

v;(2) = u;(2) + Bur(2) + By — ﬁij 2)In(pi(2)), (4.24)

which implies that

vj(2) —vi(2) = 52]”] ) In(pi(2") + Blnpi(2). (4.25)

When s is observable, this model can be estimated by running a multinomial logit on
observations in state on a constantz, s andzs, to recover estimates;, b,, ¢; andd,,
where the last three estimates represent the parameter of the prefgrenesdd,. The

remaining preference parameter@a8) «; can then be estimated as

a; = ) +62fy 2))In(pi(2)) = Blupi(2), (4.26)

where the last terms ifI{(Z6) capture the dynamic choice.
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Suppose nextis not observable. Let the conjectured CCP and conjectured parameters
of the period utility be denoted by, (z) andé', respectively, and such that(z,s) =
a; + bjx + cjs + d;xs refers to the conjectured period utility. The likelihoggds) is
written in closed-form as

ot (@nt,8) =B s J5(2'|zn)) In(p} (') +6 In p} (2)

l,(s) = -
() 1;[(1 + Ej/ eu;/(aﬂnt,S)—ﬁZzl f31(2'|znt)) In(p1 (') +61npi(z)

Ydnit, (4.27)

4.6 Application to Investment Theory

This section describes the use of a quantitative general equilibrium model to get an
inference of different accounting systems for allocative efficiency. Unlike traditional pro-
ductive efficiency as modelled in many investment models, where a firm raises a varying
amount of capital at a fixed unit cost, allocative efficiency explicitly considers how cap-
ital is re-allocated between firms (Hwang and Kim 2019, Cheynel and Bertomeu 2020,
Breuer 2021¥?

The current introductory treatment follows the quantitative general equilibrium anal-
ysis in Choi (2021), which builds on a simplified version of the David, Hopenhayn and
Venkateswaran (2016) general equilibrium model with heterogeneous firms under im-
perfect information and the accrual accounting systems in Nikolaev (2019). Using this
approach, Choi (2021) studies the impact of accrual accounting systems, relative to cash
accounting systems, on aggregate productivity and output in the economy.

In (David et al. 2016), the relation between imperfect information and resource mis-

allocation under the equilibrium condition is given by

dy__le 1
v~ 21—

: (4.28)

wherey represents an aggregatetput,V represents a summary measure of imper

Swe gratefully thank Jungho Choi for his generous assistance on this Section.
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fect information ¢ represents the elasticity of substitution between labor and capital, and
o represents capital share. The summary measure of imperfect infornfetjdmas a
negative impact on the (ex-post) allocative efficiency of capital and labor because imper-
fect information might lead to (ex-post) high performing firms utilizing limited resources
ex-ante and (ex-post) low performing firms utilizing excess resources ex-ante as well.
Choi (2021)estimates’ from equation 229 below, which expresses uncertainty in
terms of fundamental economic uncertainty, as well as various uncertainty components

related to correlation, managerial information, cash flows and accruals:

2 2
— o 1 1 p 1 1 1
_ 2 s 2 —1 -1
Vep (G5 (G +a+5 5+ +  (G+5). (4.29)
o*+o; 05 O 0-+og V o o
- —_——
Uncertainty about historical productivity Uncertainty about current productivity

The first term in the equation captures uncertainty about historical productivity”, which
acknowledges an imperfect performance measure and the role of accounting systems in
the economy, and the second term is the uncertainty about current productivity which
contains the innovation to productivity. These terms can be estimated from properties of

cash flows and accruals.

5 Structural Models of Agency Theory

5.1 A Canonical Model

Agency theory describes situations in which a principal (e.g., the firm) hires an agent
whose actions may affect the outcome of a project. These actions are unobservable or
non-contractible so that, to elicit adequate actions, the principal must offer a compensa-
tion contract that conditions pay on a performance measure. This framework was popu-

larized by Jensen and Meckling (1976) and, since then, has been a leading approach to
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examine optimal contracts and the distortions due to asymmetric information in employ-
ment relationships.

While this work has been enormously influential in generating qualitative insights,
the equations of the theory have had, to this date, very limited use in shaping the design
of optimal contracts or quantitatively measuring agency distortions. The lack of research
using the actual structural equations of these models poses two fundamental questions.
First, from a strict perspective of philosophy of science, the theory cannot be simultane-
ously true when it makes qualitative predictions and false when its equations are applied
to empirical samples. Second, the many versions of this framework combined with loose
directional implications make it very difficult to test the theory, as it is easy to explain
a qualitative feature of the date, or its opposite, using a some plausible specification of
the agency problem. A structural model, by contrast, takes the entire model seriously
which facilitates a coherent joint test of all the implications of the model, including the
soundness of its quantitative implications.

We consider here the canonical model of Holrastr(1979). Due to its simplicity and
versatility, this model is the most commonly-used version of principal-agent model and
we shall follow its implementation in a structural model in Margiotta and Miller (2000),
Gayle and Miller (2009, 2015), Gayle, Golan and Miller (2015), and Gayle, Li and Miller
(2018, 2021).

Assume that the agent is risk-averse and achieves a utility funetione), which
depends on paw and efforte with first derivativesu’ > 0, v” < 0 andu(w;1) <
u(w;0) captures a cost of effort. Suppose that the utility function satisfies the Inada
conditions such thab(x) is interior. The agent is offered a compensation schedlg
and then privately chooses € {0,1}, wheree = 1 indicates high effort and = 0
indicates shirking. Then, the firm generates a contractible signal on audjpatvn from a
distribution with densityf (z|a) > 0 and such that the monotone likelihood ratio property

(MLRP) holds, i.e. f(z|0)/f(x|1) is decreasing in.
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The agent has an alternate occupation which generates a utilityJéwed) and,
therefore, the contract must achieve a minimum utility level given in the participation

constraint (PC) below:

/ F (| Dyu(w(); Ddz > u(w;0). (PC)

The contract must also induce an optimal choice= 1, implying an incentive-

compatibility condition (IC):
[t - flou(u(e);0)ds >0 ()

The principal is risk-neutral and solves the following program
m?§</f(x\1)(x —w(x))dx

s.t. €0 and [Q).

In what follows, assume that this program has an optimum policy. Specifically, Mir-
rlees (1999) shows that programs in which sufficiently low events indicate shirking, i.e,
such thatf(z|0)/f(z|1) is unbounded from above, and the possible penalties imposed
by the principal are unrestricted, i.e.(.) is unbounded from below, imply that there is
a sequence of contracts that converges to the principal surplus withodidhe bese
contracts are, in the limit, almost surely flat with a very law.) for extreme events.
This type of contracts does not appear to match observed contracts. As a special case,
an optimal contract does not exist in the common context of exponential (CARA) utility
functions with a normally-distributed performance meastire N(a,o?). To avoid this
problem, most implementations of this framework assumefthdd)/ f(z|1) is bounded
from below.

Denote) the Lagrange multiplier associated #©() and i the Lagrange multiplier
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associated tdQJ). The Lagrangian of the problem is

= / (& — w(a)) (2] 1) — Au(w; 0) — / f(eDu(w(z); 1)dx)

i / (f(2l0yu(w(x); 0) — f(z1yu(w(z); 1))dx.

Differentiating this Lagrangian with respectid.),

= 1+ M (w(x); 1) + p(u (w(z); 1) —

u'(w(z);0)) = 0. (5.1)

The first-best denotes the problem in which effort is chosen directly by the principal
(oris contractible). Droppind@) and setting: = 0in (61) implies that\uv/(w(x); 1) = 1
so that the compensation will be constant to avoid imposing unnecessary risks on the
agent. In the second-best program, by contrast, a flat contract cannot be optimal and,
therefore, the Lagrange multiplier > 0 and the termu/(w(z); 1) — %u’(w(m);o)
captures the incentive component. The two constralB and {0) must be met at

equality, so thatl{J) can be equivalently written as

/ F(2]0)u(w(); 0)dz = u(ws; 0). (c)

We are now equipped with sufficient theory to identify and estimate the primitives
of this model given observations from the performance measure and wage payments
(z,w(x)). However, Gayle and Miller (2015) show that this model is not identified with-
out placing additional structure on the model. To give intuition for their insight, solving
the model yields an implication in the form of a functietix) but this function can only
serve to identify the unknown functiof{z|0) from the first-order conditior&51) as long
asu(w;a) andw are known. A more restrictive model specification, as discussed below,

Is required to estimate this model.
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5.2 Semi-Parametric Identification with Additive Cost of Effort

Our interest will be to examine whether primitives of the model, namely, the utility
function of the manager (inclusive of the effort cost) and the distribution of the perfor-
mance measure can be recovered from an empirical sample containing observations of
the performance measure and pay, w;)?_,. In this section, we identify the model under

the following assumptions:

(Al) the cost of effort is additive, such thatw; a) = uy(w) — ca with ¢ > 0;
(A2) denotingz, as the performance measure conditional on effofty = o + o 71;

(A3) utility functions are in the HARA (hyperbolic absolute risk-aversion) class:
up(w) = — (Y 4y, (5.2)

Under (A1), equationg1) simplifies to the following familiar characterization of an

optimal contract in Holmstm (1979).

L )
==

(A2) further implies that the likelihood ratio can be written in terms of the observable

). (5.3)

f(z|1) and(ay, o) where
1 z—a

f(]0) = —f(

651 a

1) (5.4)

Following (A3), utility functions in the HARA class have been used in agency models

(Hemmer, Kim and Verrecchia 2000, Bertomeu 2014) and imply a marginal utility

(5.5)

Having characterized model restrictiori®d), (I0) and &), there are several ap-
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proaches available to estimate the parameter of the model.

Semi-parametric Approachn practice, one can use a first-stage non-parametric kernel
estimate off(z|1), which is easily obtained froniz;). Plugging B35) into (53) then
implies the following characterization of the optimal wage:

1 /(52
ar  f(x[1)

I e

w(z) T((ﬁ@\ +p(l - ) ). (5.6)

Replacingf(z|1) by f(z|1), the parameter§ = (v, 3, \, 1, o, a1, v) can be estimated
by non-linear least squares, minimizing the squared difference between model and actual

compensation:

n

Qu==> (w(x;) —w)”. (5.7)

=1
The two remaining parametefs, ¢) can then be obtained by plugging the estimated wage
w(z) from (BB) into (BQ) and {Q) and solve for the coefficient so that these equations
are satisfied.
To avoid the loss of efficiency due to plugging in these estimates to re¢avey,
a single-step version of this approach is add #&)(and {{d) as a matrix of stacked

moments:

Qn =G WG, (5.8)

where:
% > i (w(x) — w;)?
G = % i Uo(ws) — ¢ — up(w) (5.9)
% iy P(@i)uo(w(w;)) — uo(w),
wherep(z;) indicates a discretization of the output conditional on shirking and can be

computed by integrating ((z — ap)/a1|1) over a grid® One can use the identity as

16An alternative is to usg(z;) = f((x; — o) /as|1)/ ijl f((;vj — ap)/aq|1); however, this type of
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weight matrix or, for more precision, a weight matrix that is a function of the moments.
The variance of the moments is a complicated function of first-step plug-in estimates

f(.) and its analytical expression is non-trivial. The sampling methods in sétdaran

nevertheless offer a feasible computational method to weight moments.

Parametric ApproachA feasible approach to estimate this model involves strengthen-
ing (A2) with a parametric assumption f@fx|a). For example, Gayle and Miller (2009)
assume thaf(z|a) is the p.d.f. of a Normal distributio®v (m,, o%) anduy(w) = —e™"™
is exponential. The eight model parameters be givehby(m,, o, ¢, w, v, r) can then be
estimated by numerically solving the model and matching model-implied moments and
data moments as in Secti@nHere, possible moments include the mean and variance of
7 to identify (m4, 0?) - which can also be pre-estimated separately as first-stage to reduce
the number of parameters to be jointly estimated - as well as the mean and variance of
the compensation and its covariance with the performance measure. Other moments to
capture the shape of the compensation may include the skewness and kurtosis of the com-
pensation, or the coefficients of a regression of compensation on the performance measure

on a polynomial expansion.

5.3 Non-Parametric identification and Estimation with Exponential
(CARA) Utilities
Margiotta and Miller (2000) and Gayle and Miller (2015) examine the identification of

this model without restricting the form of the likelihood ratio as in (A2). They propose

the following assumptions:

(A1) the agent has an exponential utilitfw; a) = —e "~ with (in-the-utility) cost

of effort ¢ > 0 equal toc units ofcompensation;

discrete approximation is known to converge slowly to the true distribution.
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(A2) ahigh enough performance measure reveals high effort, s¢ thét) / f (z|1) con-

verges to zero as becomes large;

(A3’) the principal prefers to induce high effort,
[ e~ w@)de> [ 7106 - w)ds (5.10)

Assumption (Al’) has an additional benefit. As shown in Fellingham, Newman and
Suh (1985) and Margiotta and Miller (2000), any infinite-horizon contracting model in
which the program is repeated and the principal and agent engage in a long-term contract,
can be implemented as a sequence of single-period optimal contracts inawhictepre-
sents the total change in agent wedltla Core, Guay and Verrecchia (2003). Intuitively,
the principal solves the agency problem in the current period by increasing agent wealth
by w(z). Then, because (i) implies that wealth scales all payoffs but does not affect the
solution to the agency problem, the same program repeats in future periods.

DenotingC = e "¢ as the cost of effort as a proportional reduction in utility, one can

rewrite €0) as

C / Fla|1)e @ w gy — 1, (PC)

Further, equation51) can be solved to express the unobserved p.f(f:|0) as a

function of the exogenous and endogenous parameters of the model:
r(A+p)Ct — erv@

(l0) = fal) - 7 (5.1

which, injecting in [CJ), implies that

Clure ™ +1)
(A + 1)

/ fla|D)e @ dy = (5.12)

The fact that a p.d.f. must integrate to one yields the following additional model restric-
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tion:

pr = v et = [ flalperta (D)

Using assumption (A2) andenotingw as the maximum wage (which can be esti-
mated as a smooth fitted value:wof.) for x large), one can evaluatB{l) whenz is large
to obtain

r(AC + ) = e, (M)

Assumption (A3’) is an inequality that, after substituting fi(z|0) and given that
J w(z)f(z|1)dx is increasing in risk-aversion set identifies that < 7. Intuitively, the
agent’s risk-aversion cannot be so large that it would make inducing effort more costly
than its potential effect on output. In summary, the model is identified up to a range of
risk-aversion coefficients: the model has five unknown parameéteys r, ¢, w) which
can be set identified with four equatiori2), (512, (O) and (), as well as the in-
equality condition for (A3’).

Gayle and Miller (2015) propose the following estimation procedure. Take risk-
aversion as a known given and estimate all the other parameters of the model, as a function
of r, from (BC), (512, (D) and {), using for example one of the approaches in Section
52 Then, evaluate the inequalit§{[0) and drop the risk-aversionif this inequality is
violated. This procedure yields a set of acceptable risk-aversions and associated parame-

ter values.

6 Structural Models of Disclosure Theory

6.1 Identification

Voluntary disclosure theory is a core pillar of accounting research. According to the

theory, firms have verifiable information that, absent any friction, would be reported truth-
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fully to investors: the unravelling principle, first used in Viscusi (1978), explains that in-
vestors would rationally price non-disclosing firms at the average information conditional
on non-disclosure; in turn, implying that any non-disclosing firms above the average of
all other non-disclosing firms would shift to disclose. In practice, such stark predictions
are rarely observed, and disputes, in both the empirical and theoretical literature, continue
about both the magnitude and the nature of disclosure frictions preventing this outcome.

In this section, we consider the empirical approach to estimating voluntary disclosure
theory in Cheynel and Liu-Watts (2015). Their model shows that (i) frictions in the form
of disclosure costs (Jovanovic 1982, Verrecchia 1983) can be identified and estimated
without distributional knowledge of the distribution of manager’s information, but (ii)
frictions in the form of uncertain information endowment (Dye 1985, Jung and Kwon
1988) are only set identified.

While the model can be written with multiple periods, we develop here a single-period
model. The firm privately receives an informati®nwheres = 7 is the firm’'s expected
cash flow with probability; € [0, 1] in which case we say that the firm is informed, or
does not receive any informatign= “/N D” with probability1 — ¢q. Suppose that has
ap.d.f. f(.) and c.d.f. F'(.) with finite mean and support dR. Then, the firm can make
a disclosurei(s) € {s, ND}, whered(s) = s indicates that the verifiable information is
reported truthfully, whilei(s) = N D indicates that the firm does not disclose information
either because they were uninformee- N D or withhold s = x strategically. The firm
maximizes its price post disclosure decision but faces a @ast > 0 when making
a disclosure. The disclosure cost may be a function dlt, to reflect that higher
indicates better news from the perspective of the firm, assume thaf x) is increasing
(Bertomeu and Cianciaruso 2018).

Denoting P(d(s)) as the market price given a disclosul®), the firm disclosesf

1’Bertomeu and Cianciaruso (2016) show that this restriction is without loss of generality and, if it were
violated, we could redefine another random variable suchjthat(y) is increasing by reranking the states
from the perspective of the decision-making firm.

87



P(s) —¢(s) > P(ND), i.e., its disclosure price is greater than its withholding price. To
close the model, suppose that the firm is priced at its expected cash flow g that «
and P(ND) = E(z|d(5) = ND) is priced at the expected information that would be
withheld.

As is well-known in these models, the disclosure strategy reduces to a threshold
such that firms disclose when their informatiorn> 7 is sufficiently favorable. A firm

lying exactly at the threshold must be indifferent which (then) returns that

P(1) —c(r) = P(ND,). (6.1)

Two technical notes need to be emphasized at this point. First, the game may have
multiple equilibria and, while it can be shown that equilibria with maximum pA¢&’ D)
are Pareto dominant, no equilibrium selection is required for estimation purposes as long
as firms with the same observables choose the same equilibrium. The equilibrium that
is played can be generally identified from the sample and can be thought as an unknown
parameter of the model il6(1) does not have a unique solution. Second, the model
restriction is a function of only(7), in the sense that any changecin) that leaves:(7)
unchanged does not affect observed disclosure policies. So, hereafter, we shall be solely
concerned in identifying = ¢(7).

After noting that the withheld information is an expectation conditional on not receiv-

ing information or being informed and choosing to withhold:

_ aF(ME@[T <7)+ (1 - ¢)E(Z)
P(ND) = FO T =1 . (6.2)

Unfortunately, using&2) to identify ¢(7) requires to knowP(N D) which, in 2),
is a function of the unknown information endowment probabijityience, equatiorb(2)

adds one equation and one unknown and does not help recover the cost.
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To address thisP(N D) can be decomposed from the law of total probability as

E(7) = ¢(1 = F(7))E(z[d(7) = 7) + (1 = ¢) + ¢F (7)) P(ND), (6.3)

which, solving forP(N D) and substituting inBT) yields the value of the cost function

as in sectiori1,

_E(@) — ol F(r)E(@d(@) # ND)
o (1—q)+qF(7) ' (-4

In equation B2), the cost is identified independently of knowledgegadis a function
of the thresholdr, the probabilities of non-disclosurfé — ¢) + ¢F(7) and disclosure
q(1 — F(7)), and the unconditional expectatid{z). In the model, the threshold is
the minimum disclosure while the probabilities of non-disclosure and disclosure can be
recovered from the disclosure frequency. The last part requires the expected disclosure
E(z), which can be estimated either from data about (noisy) realizatiofisoof if an
analyst consensus is available, by redefining the disclosure netting out the consensus so
thatE(z) = 0 is defined in surprises. Vice-versa, it is readily seen that the cost is not
identified if we do not have information to estimdiéz). In what follows, we simplify
notation using&(z) = 0.

Although ¢ can be point identified with this type of dataset, identification of uncer-
tainty about information endowment is more problematic. To see why, note that we ob-

serve the frequency of non-disclosure as

f=0—-q)+qF(r) € (1-q,1), (6.5)

but there are multiple combinations of the unobseryeshd F'(7) consistent withf.
Intuitively, observing a high probability of non-disclosure for givenan be caused by

a high probability of not receiving information with, otherwise, a small probability of a
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sufficiently bad type who choose not to disclose; or a low probability of not receiving
information with a high probability of firms with lying close tor — c.

Nevertheless, the probability of information endowment can be set identified. Noting
first that F'(7) € [0, 1], equation &35) implies the straightforward restriction that>
1 — f since, obviously, the probability of receiving information must be greater than
the frequency of disclosure. Another bound can be derived by rewriting the indifference

condition

gF(ME@ET <7) _¢F(n)r _ (f-1+qr7
f - f ’

where the last equality follows fronfi= (1 — q) + ¢F' (7). If 7 <0,

(6.6)

T—c=

g< = 6.7)

T

To give more intuition, if the point-identified is estimated to be negative, i.e., a
benefit of disclosure, a point estimate- 1 ruling out uncertainty about information en-
dowment would imply full-disclosure, which is rejected by any sample with some with-
holding. Hence, the probability of being uninformed needed to rationalize the data must
be bounded away from zero. As the frequency of non-disclogunereases, the bound

on the maximal probability that the manager is informed, increases as well.

6.2 Dynamic Disclosure Theory with Random Costs

The standard models of voluntary disclosure (Verrecchia 1983, Dye 1985) are static
and therefore cannot fit dynamic aspects of disclosure behavior, such as the persistence of
disclosure choices. Indeed, in practice, the more a firm has disclosed in the past, the more
likely it is to continue disclosing in the future: firms form a reputation that endogenously

bind them to continue disclosing (Graham, Harvey and Rajgopal 2005).
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However, this explanation is unsatisfying if used as a complete theory of dynamic
voluntary disclosure, because it neither explains what reputations are and why they can
form. For example, if a firm faces a repetition of static disclosure problems, no reputation
will form, implying that there must be economic primitives of the information process
that are critical to reputations. Put differently, if, as is observed empirically, markets react
more negatively when a firm ceases to disclose than absent prior disclosures, a complete
explanation must explain what features of the information environment lead to this type
of investor response. Structural models offer the opportunity to open the black box of rep-
utations by estimating a dynamic theory of endogenous prices and voluntary disclosure.
In other words, the structural model allows the researchers to interpret an empirical fact
(persistence of disclosure) into a coherent theory of reputations.

A starting point to justify a structural model is to find empirical facts that call for a
greater understanding of a theoretical mechanism. The left-hand panel of Bigace-
ments the probability of disclosure (i.e, releasing a management forecast in a given period)
in prior and subsequent periods conditional on disclosure attdathe right-hand side
panel confirms that management forecasts appear more concentrated and tilted toward
good news than actual earnings, thus suggesting that a model of strategic disclosure is
appropriate.

b
o
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M

w4

o4
4 q d, d,. dy d.. J

T T T T
-4 -2 0 2 4

Density

Prob. of disclosure conditional on dt=1 ‘_ eps  [____] forecast ‘

(with 95% confidence interval)

Figure 4:

Probability of Disclosure Conditional on Prior Disclosure

The left-hand panel reports disclosure frequencies conditiondkoa 1, along with the95% confidence interval. The right-hand
panel reports the distribution of realized and forecasted EPS.
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To make the voluntary disclosure model more realistic and amenable to empirical
analysis, Bertomeu et al. (2020), hereafter BMM, consider a model where firms ex-
perience random disclosure costs, casting the analysis within a discrete choice setting
(McFadden 1973, McFadden 1980) and modifying it to incorporate endogenous stock
price incentives. In their model, the manager chooses disclasar€0, 1} to maximize
a utility

wp(di|zs) = a(diPy(wy) + (1 — dp) P") + di 8 + dyes, (6.8)

wherej is a fixed disclosure benefit or cost depending on its signal and is a reduced-
form for theories in which disclosures have real consequelicEbe parameted is the
weight that a manager places on the firm’s price; it can be influenced by factors such as
executives’ compensation package. The shgdk a standard normal i.i.d. white noise,
observed only by the manager which captures other time-varying factors affecting the
disclosure decision. An expression for the pridgér,) and P¢ is deferred until the
solution of the disclosure problem is presented.

To introduce persistence in disclosure choices, BMM consider a setting where the
manager’'s information endowment is persistent adapted from Einhorn and Ziv (2008).
In each period, the manager’s information state is represented by a serially correlated
binary variablg; € {0, 1} equal to one when the manager is informed and zero when the
manager is uninformed. In formal terms, the manager’s information endowinena
hidden Markov chain with a transition matrix

- A
I = R (6.9

A 1=X

8For example, disclosures may have implications on investment (Bertomeu and Cheynel 2015,
Bertomeu, Cheynel and Cianciaruso 2021a), litigation (Caskey 2014, Marinovic and Varas 2016), en-
dogenous certification (Marinovic and Sridhar 2015), cost of capital (Bertomeu, Beyer and Dye 2011,
Cheynel 2013), as well as proprietary costs and product market coordination benefits (Cheynel and
Ziv 2021, Bertomeu, Evans lll, Feng and Tseng 2021e).
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where)\y = P(0;,, = 0§, = 1) € (0,1) denotes the probability of moving from the

informed to the uninformed state, and = P(0,,; = 1|6, = 0) € (0,1) denotes

the probability of moving from the uninformed to the informed state. The information

endowment is persistent when becoming uninformed is less likely than remaining unin-

formed, or\y < 1 — \;. Asin Dye (1985), when informed, the manager chooses whether

to disclose, choosing, € {0, 1} to maximize BE8) whereP,(z;) = E(x;|d; = 1,2) is

the price conditional on disclosure aft}? = E,(z;|d; = 0) is the non-disclosure price

conditional on all prior public information.

The distribution of forecast and earnings surprises is specified as

Tt 0 02

~ N ,

ey 0 o

8N

, (6.10)

[N )

wherecov(zy, e) = cov(xy, xy + v;) = Var(x;) = o2 captures the amount of private

information that the manager may know in advance.

Estimating the model requires to compute the expected price consequence of a non-

disclosure. Unlike in a standard disclosure model, investors do not ohseamd there-

fore must price the firm in response to a random threshold. BMM show that the non-

disclosure pricé’* must be the unique solution to the fixed pdiiit®"?) = P4 with

D(y) = L2 / b(—ax — §) o

P

T +vy
Oy

)dx, (6.11)

where®(.) and ¢ () are the c.d.f. and p.d.f. of the standard normal distribution

respectively, which yields the non-disclosure price as a function of current investor beliefs

pr = 1 — E,(6,) that the firm is uninformed.

From a computational standpoint, one can solve for the non-disclosure price using

(BZ11) for any p,; of course p;, is not directly observable, but, as will be shown later on,

can be derived recursively from a sequence of prior disclosures and earnings using Bayes
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rule. This also creates a computational issue: givernphatries, one would have to solve
the fixed point problem separately for each observation and would impractically require
solving n fixed point for a sample of. observations. Fortunately, this problem can be
addressed numerically by solving the fixed point on a grid of possible valygs$ofo, 1]
and interpolating all remaining values. BMM show that a 15-point spline interpolation
of the fixed point problem is nearly indistinguishable from the pointwise solution of the
fixed point.

BMM implement an MLE approach by computing the likelihood at a disclosure or
non-disclosure at each period. The likelihabfi(d,z,, e;) of an observation in periot

Is a function of two possible outcomes:

(i) Conditional on a disclosure, the distribution of the forecast|is, ~ N(Z—%et, o2(1—

g

Kb

)), which yields a likelihood

g

o) ]

0.2
1- pt) Pr(et 2 a(Ptnd - (’Et) - ﬁ‘eta xt) Tt — a'_éet 1 €

o

1 o2 1 o2 Ue¢ Oe
(o — U_S (o — U—g

(6.12)

L%(i’?uet) = (

and the probability of being informed is updatedtQ; = Pr(0,,1 = 0], = 1) =
Ao;

(i) Conditional on non-disclosure,

L(0,e0) = (p+ (1= p) Prlom + & < aP — fle) —o(). (6,19

~ J

NV e e
=Vt

Then, investors update the probability that the manager will be informed in the next

period using Bayes rule:

Dty1 = %)\1 +(1 - &)(1 — Xo)- (6.14)
t

Vi
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We can now write the (log) likelihood of a time-series of disclosures

T
L((dy, dywy,e0) ) = > In Lt (dyy, e), (6.15)
t=1

wherep; is updated recursively using equatidhid).

The last step of the analysis prior to conducting the estimation is to explain what
information in the sample is captured by the estimation methods to identify the parameters
of interest. For simplicity, we focus here only on price motives and plot the density of the
disclosures) in the model for various values ofin FigureB. At one extreme, when =
0, the probability of disclosure id —p,;)®(3); the manager ignores the effect of disclosure
on price; and, conditional on being informed, disclosure is driven purely by the preference
shockse,;; hence the distribution is symmetric around zero. dAgicreases, the model
predicts selection over favorable disclosures in the form of a truncated normal distribution
coexisting with disclosures driven by non-price incentives; ¢,. Thus, skewness in the
distribution of disclosures serves as the identifying variation for recoveringecause
MLE uses information from the shape of the distribution of disclosures, the method is

well-suited to capture this identifying feature.

density of disclosures: pdf(x|d,=1)

)

L — f
3 a=0 a=1 a=5 =20 0 3

Figure 5:
Likelihood of Disclosure across Parameter Regions
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6.3 Dynamic Disclosure Theory with Forward-Looking Preferences

The previous model assumes that the manager maximizes current stock prices in a
myopic manner, as if disclosure decisions did not have implications for future prices.
However, in the presence of persistent (information endowment) shocks, a disclosure to-
day has an effect on the manager’s future disclosure behavior, and thus on the future
non-disclosure prices. This reputation concern affects the manager’s current disclosure
choice.

To capture the dynamic nature of disclosure choices, Bertomeu, Marinovic, Terry and
Varas (2022b), hereafter BMTYV, estimate a model in which a manager sells shares over
time. Following Benmelech, Kandel and Veronesi (2010) and Beyer and Dye (2012),
managers maximize the discounted value of a firm’s stock price with expected utility in

periodt

U, =E, (i 5ktpk> . (6.16)

k=t

Here,3 € (0, 1) is a subjective discount factor interpretable as the rate at which man-
agers sell shares or are exposed to future share prices via compensation vesting schedules
(Edmans, Fang and Lewellen 2017, Marinovic and Varas 2029js the firm’s market
price, andE,(.) is the expectation at the beginning of periobd\part from the addition
of forward-looking concerns, the model is simplified so that there is no fixed or
random cost of disclosure.

While Bertomeu et al. (2020) net out the analyst consensus to express forecasts and
realized earnings in pre-announcement surprises, the process for earnings, forecasts and
earnings is made more explicit in BMTV so that it can be jointly estimated. At the start of
the period, the market observes a consensus analyst fofgedstut end-of-period earn-
ingse;. Then, the manager may receive additional information in the form of a private
signal s;, a signal observed if the indicator varialsle= 1. Conversely, ifd; = 0, the

manager does not receive additional material information. The market does not know the
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realization off); but forms expectations about managers’ information given by a proba-
bility p, = 1 — E,(6,). If information is received, the manager may decide to voluntarily
discloses;, i.e., issue a forecagi = s; about end-of-period earnings. By convention,

d; = ND indicates that no forecast is made. Then, the pHcéorms, reflecting the
value of future earnings discounted at an objective mrate of retamd conditional on

all public information;_; up to the end of period — 1 as well as any new information
{éta dt}!
& €k ~
P, =K <Z W“"t—l, Ct, dt) . (6-17)

k=t

At the end of the period, the firm releases its earniyg3 hese earnings are publicly
observed and the public information set is update{te= {H; 1, ¢, dy, e }-

The process of earnings, the consensus analyst signal, and the manager’s signal jointly
satisfy (i)e; = pe;—1 + wy, (i) ¢ = e, + vy and (i) $; = e; + wy, Wheres, = (uy, ve,wy)’
is an iid normal vector with variance-covariance mattixg (7., 7., 7.,) . Earningse;
follow an AR(1) process, and information observed by investors and managerd s,
are noisy orthogonal signals. The model’s predictions are invariant to means, so without
loss of generality one can normalize all processes and signals to mean zero.

While one can state the model in terms of a vector of sigfalss;), empirically,
analysts and managers seen to communicate in terms of their expectations about fu-
ture earnings. Hence, it is useful to normalize the variables to posterior expectations:
c; = E(es|é, Hy—1) for the analyst consensus forecast ane- E(e;|3;, ¢, H;_1) for the
manager’s forecast. When restating the model in terms of posterior expectations, the joint

stochastic process of earnings and expectations becomes

ey 1 1 0 0
= e . |u —n_ |w we. (6.18
Cy pl1]e€-—1+ I ¢ 1 I ¢+ 0 e ( )
S 1 Tv+Tw Ty Tw
t Tu+To+Tw Tu+To+Tw Tu+To+Tw
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We write next the pricing function conditional on disclosure and non-disclosure. As
a first step, let us consider the pricing function given by a threshold disclosure strategy
s > 7(p,s). Letting PP(z,s) and PNP(p,z) be the market prices conditional upon

disclosure and non-disclosure, respectively,

147r
D _
P%(z,s) = FI— p]E(e|z, s), (6.19)
I 1 —p)E(el
PND<p, Z) _ 1+T p (€|Z)+( p) (6 SST(p,S)|Z)7 (620)

S l+r—p pH+(1-— PE(Ls<r(p.l2)

wherer is the discount rate so that the ragifjﬁ—p represents the valuation multiplier on
current expected earnings given persistende (6220), PP (p, 2) is a weighted average
between the payoff if the manager is uninfornié@|z) and if the manager is informed
but strategically withholdindg(e1 pe ;. |2).

The updated probability’ that the manager will be uninformed in the next period is

then obtained

p(L =) + (1= p)AE(Lycr(psle)
p+ (1= p)E(Licrpole)

/

P =9¢pze) = (6.21)

What remains to be determined is the manager’s stratégy). To obtain intuition
for this problem, consider the simpler problem in which the manager is myopic and max-
imizes current price{ — 0). Then, the disclosure threshold is characterized by the
indifference conditionP? (2, 7(p, s)) = PV (p, z) and coincides with the static solution
in Jung and Kwon (1988). When the manager cares about future prices, an additional
effect occurs because, by disclosing, the informed manager loses their information ad-
vantage and makes investors more skeptical in future periods. Thus, BMTV show that the
disclosure threshold increases when the manager cares more about future prices.

The formal characterization of the threshold requires to write the manager’s value

function from current and future prices. We can define the manager’s optimization prob-
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lem in terms of four state-contingent value functions:

Vi(p,z,8) = drr}%ic} PI (s, 2) + BE [(1 —20)Vi( Ao, 2, 8") + Ao Vo(No, )| 2, s§6.22)
€0,
Vop,2) = PYP(p,2) + BB MVA(D, 2, ') + (1= M)Vo(@', 2|2, (6.23)

where primes denote next-period valugsd) = D if d = 1 and D otherwise,
Vi(p, z, s) is the informed manager’s value function prior to making a disclosure choice,
andV;(p, z) is the value function of an uninformed manager.

Swapping current prices in the myopic model with value functions conditional on each
disclosure choice, the disclosure threshold is set at the indifference condition that equates

the payoff from disclosure versus non-disclosiEep ™
V% (p, 2. 7(p,2)) = V"7 (p, 2, 7(p, ). (6.24)

The computational strategy to numerically solve this model will serve to illustrate the
use of policy function iteration, which offers a usually more efficient alternative to value

function iteration. The steps are as follows:

1. Discretize the state space.
2. Onthes-th iteration of the solution algorithm, guess a disclosure palityp, e, c, s).

(a) Assume that market beliefs and manager actions are governéd bgnd
iterate forward on the system of Bellman equations above until the implied

v v converge to some tolerance.

(b) Compute the stationary distributiq;és) (p,e_1,¢,8) andugs) (p,e_1,c) of the

model givend®), as well as the exogenous distributions in the moddlis

19A natural question is whether a disclosure threshold exists in this type of problem, so the approach
used in BMTV is more general and allows for disclosure strategies that need not follow a threshold equilib-
rium. Grubb (2011) shows that if the manager is perfectly informed about future earnings, this model has
indeed no equilibrium; empirically, BMTV, however, show that the estimates are consistent with a threshold
equilibrium because forecasts include a significant amount of noise on future earnings.
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involves repeatedly pushing forward weight on a histogram given the poli-
cies and exogenous transitions until the distributions stabilize to within some

tolerance.

(c) Compute anewpolicy d**V(p,e_y, ¢, s), simply given by the maximization

in (622 usinng(s) andvo(s) in lieu of the truel; andVj.

(d) Then, compute an error measure given by the mean absolute difference be-
tweend*+1) andd(®), weighted by the ergodic distributiop$” andy”. This
error is exactly equal to the probability of disclosure policy deviation given as-
sumed market beliefs. When this error is sufficiently small, we have computed

an equilibrium.

3. Once the model is solved, one can simulate and compute moments as desired for

input into the structural estimation routine.

The discretization of the exogenous processes for earnings, consensus forecasts, and
manager signals uses the Tauchen (1986) method. The remaining numerical approach to
the discrete-state dynamic programming problem follows the methods outlined in Judd
(1998b). The two parameters relating to time preferemtasad discounting, are not
well identified by a theory of dynamic disclosure and instead recovered from external
information sources, e.g., equity pay duration in Gopalan, Milbourn, Song and Thakor
(2014), and the discount rate used in prior literature.

The remaining parameters are estimated with two-step simulated method of moments
(SMM) following Bazdresch et al. (2018). In step 1, the exogenous processes relating
to earnings and analyst consensus forecasts are directly estimated from their time-series
properties. In step 2, the remaining parameters governing the evolution and precision of
managers’ information are obtained by matching moments in the sample with simulated
data from the model. The data set has about 5,000 firms with an average of five fiscal

years for each: matching the time structure of this panel, the simulation includes 20,000
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firms for five years each in our model after discarding an initial burn-in period for each
firm 2

The unconditional probability of disclosure, as well as the persistence of disclosure
over one, two, and three periods, help identify the information switching probabigies
and)\;. Because the persistence and precision of information, linked to each of the param-
eters\g, A1, ando,,, determine the extent to which market inference reacts to disclosure,
and because this market reaction determines the endogenous selection into disclosure by
managers, another natural moment to target is the difference between the average level of
earnings when disclosing versus unconditionally. In summary, the moments help identify
the persistence of the information endowment, and the quality of the information received

by the manager.

6.4 Unverifiable Disclosure

Reported earnings are often manipulated by managers, both within GAAP and in re-
ports supplementary to GAAP (McClure and Zakolyukina 2022). But the propensity of
firms to manipulate reports may be unknown to investors. Investors hold beliefs about the
firm’s propensity to report truthfully, i.e, the firm’s credibility, and update those beliefs
over time based on the firm’s reporting behavior.

Bertomeu and Marinovic (2016) assume that a manager may be able to misreport
the earnings number, possibly because of failures in internal controls. Specifically, with
probability~, managers truthfully report the firm’s true earnings~ N (0, 02) and, with
complementary probability, they lie to maximize the firm’s current stock pFiceAs
this behavior repeats over time, the manager loses credibility, and the market becomes

less responsive to the manager’s report. Marinovic (2013) and Liang, Mariaodc

200ur estimation requires attention to this sort of detail. To account for permanent firm heterogeneity
unrelated to earnings innovations, we target the autocorrelation and standard deviation of earnings after
removing firm fixed effects. So we must match the empirical implications of removing fixed effects in short
samples within our simulated data to ensure appropriate inference about the earnings process.

101



Varas (2018) propose empirical implementations of this learning process, to estimate the
distribution of truthfulness from firms’ reporting choices. A simplified version of their
model is developed below.

The firm’s true value is a linear function of cumulative earnidgs The manager
observes:; and makes a cumulative repdit to maximize current price - for example,
we may interpret:; as earnings an&, as the book value of equity. Marinovic (2013)

shows that there exists a constaftsuch that the price is given by
Pt = ﬁmin(Rt,Kt). (625)

Intuitively, the market views reports belof; as credible but fully discounts any report
abovek;. Intuition for a flattened pricing function can be obtained by contradiction. If the
pricing function were strictly increasing (or, more generally, if it attained a maximum at
one value), all untruthful managers would choose the highest price report. But then, such
report would be fully-revealing and lack any credibility. To avoid this, the equilibrium
must be such that untruthful managers use a signal jamming strategy by reporting on the
interval randomly] K;, o), which in turn requires them to be indifferent and achieve a flat
price?

Since investors use Bayes rule to price reports aldgyé must be thats; is equal to
the conditional expectation of drawing a truthful manager with true cumulative earnings
aboveK; or an untruthful manager whose cumulative earnings are just the unconditional

mean of zero:
_ Ye-1(1 — Fy(Ky) ) E(X | Xy > KY)
Yo1(1 = F(Ky)+1—v-1

K, (6.26)

where~;_; is the probability the manager is truthful conditional on a past history of dis-

closures and; is the c.d.f. of cumulative true earningg = Efzo xy. It can be shan

2IAs an alternative to mixed strategies, Bertomeu and Marinovic (2016) show that an equivalent price
schedule can be implemented under pure strategies if truthful firms may under-report to credibly convey
their information.
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that this equation has a unique solution.

Having solved fork;, the same logic a&i(Zt) can be applied pointwise to any report
R; > K, to derive the randomization strategy of the manager, since the conditional ex-
pectation of the true cash flow must eqéal Denotes,(R) as the p.d.f. of the manager’s

reporting strategy,
_ Vi1 F{(R) Ry
Vo1 F{(Re) + (1 = vee1)ou(Ry)

K (6.27)

The above equation can be solved #(R;) to recover the untruthful’s manager re-

porting strategy: for anyz, > K,

Ut(Rt) Y1 R — K,

— 6.28
Ft/(Rt> 1 —va K ( )

Note that, as is intuitive, the likelihood ratio of untruthful to truthful managers decreases
when observing more favorable reports and converges to zero when attaining the lower
boundK;. As in disclosure models, one can then recursively update the assessed proba-

bility of being untruthful in each period:

oy = v FY (Ry)
T F (R + (L= w)ou(Re)

(6.29)

This model can be estimated via MLE, by matching, at a firm level, the theoretical dis-
tribution of reported earnings to its empirical analogue. Below is a sketch of the algorithm
one can use to build the likelihood function. For a given set of parametgrg)( one can
computekK;. A report R, has thus a likelihoodyF|(R,) + (1 — v)o1(R1)1g,>x, - Based
on the realized repot®,, one can update to ~; using Bayes’ rule inf29 and compute
K, andoy(.). A report Ry has thus likelihoody, Fi(R2) + (1 — v1)o2(R2)1k,>k,- The

process repeats iteratively for all periads 1,2, ..,,7 in a career.
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7 Structural Models of Earnings Management

7.1 Static Price Incentives

In traditional earnings management theory, the manager trades off the cost of increas-
ing an earnings report against the potential increase in price. Bertomeu, Cheynel, Li and
Liang (2021b), hereafter BCLL, develop a closed-form estimation procedure to estimate
an implied dollar-value estimate of earnings management. The manager of the firm pri-
vately observes a fundamental signal about the true earnings of the, fivivich is drawn
from a distribution with full support oi®, p.d.f. f(.), and c.d.f.F(.).

Let R(z) € R denote the manager’s reporting strategy, andR — R denote a
mapping that associates a prigé-) to each report. For anyconjecturedincreasing

reporting stratgy R(z) and observed report investors respond to earnings with

(r) = E(a(2)|R(Z) = 1),

wherea(.) is a continuous function representing the mapping between unmanaged earn-
ings and the firm value.

The manager maximizes the market reaction net of costs:
_ 1
R(z) € argmax, 7(r)— éw(r —x),

where)(.) is a twice-differentiable convex function with(0) = ¢'(0) = 0 and1/6 is
the earnings management cést.
A fully-separating signalling equilibrium is defined as an increasing reporting function

R(z) and market reaction(z) suchthat:

22This model has the single-crossing property of standard Spence signalling, which selects the full-
separating equilibrium when it exists under traditional refinements (Cho and Kreps 1987). Further, pool-
ing equilibria, if selected, predict holes in the support of the distribution of reports (Guttman, Kadan and
Kandel 2006).
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(i) investors price the firm according to correct equilibrium conjectures, that is, equa-

tion (7.1) is satisfiedt R(z) = R(x), whenever possible;

(i) managers optimally select their reporting strategy, that is, equation (7.1) is satisfied

foranyx at¥(x) = v(x).

In an equilibrium, the first-order condition on the manager’s problem in (7.1) is

V' (R(x) = Z¢'(R(z) — x). (7.1)

Equation [71) states that the marginal benefit of earnings manageniént on the
left-hand side, must equal the cgst'(R(x) — x), on the right-hand side. This expression
is intuitive: given any earnings realizatianthe equilibrium bias?(z) — = will be higher
if the market responsg(.) is more sensitive to reported earnings.

For instance, if we set a quadratic cost of earnings manageptent= z?, the bias

for a given earnings report

R(x) —x = 57 (R(z)) (7.2)

is proportional to the slope of the relation between earnings and prigé.) i linear and

the support of: is unbounded from below, then the bias becomes solely a functibffof

and is constant in reported earnings (Dye 1988, Stein 1989, Einhorn and Ziv 2012).
Equation 1) identifies earnings management up to a proportionality fa&tofo

identify the levels of earnings management, some a priori knowledge of the shape of

unmanaged earnings comes into play. If we make a guess apwgt can reconstruct

from Equation [1) a predicted distribution of reported earnings. A good choicé of

should then recover a distribution of reported earnings in the model that is as close as

possible to the distribution of reported earnings observed empirically.

Formally, let the distribution of reported earnings= R(x) have p.d.f.¢(r). The
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density of a random variable)that is a function of another] can be expressed as

1

mf(]—’i’ (7)), (7.3)

g(r) =

where, in this type of model, a separating equilibrium implies that the reporting strat-
egy is increasing and differentiable so that we can rewfiter(r))| = R'(R~*(r)).

Applying the implicit function theorem ori’(1) to obtainR'(.),

L (RE@) -
B = =00 R0 — o (Rw) — 0 (7.4)

Substituting -3) into (ZZ4), the model-implied likelihood of the accounting reports is

071" (r = R™Hr)) = 7"(1) o
o) = i )R (75)

Equation [5) expresses the partial likelihood of the model in closed-form and sug-
gests a natural estimation procedure by maximizing the log-likelikopd, In g(r;) for
any samplér;)"_,. However, this log-likelihood is not observable so several steps are re-
quired to obtain a feasible estimateggf). Bertomeu et al. (2021b) assume that earnings
management costs are quadratic with, for any biascost)(b) = b* and the distribution
of unmanaged earnings is normally distributed with megrand standard deviation,,
with a p.d.f. functiony(z).

The mappingy(.) between earnings and prices and the bi@g = r — R~!(r) in
(Z2) are not directly observable. However.) can be estimated from any consistent
non-parametric fitting procedure of observed prices on reported earnings, to ®pjain
and numerically differentiating the estimated function twice yiélds andy”(.) in ((Z3).

With these assumptions, the reporting bias is given frid®) @s

br) = (&) (67/(r)) = 56/(). (76)
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Plugging inb(r) in (Z3), jointly with the normality ofz and the quadratic earnings
management cost, implies an estimated likelihood

oo — L) —ma), (7.7)

Q(T;H,mx,ax) = (1 - /3/,(71)2 o . 2

whereg(.) is the p.d.f. of the standard normal distribution.

BCLL use a smoothing spline to fit stock price responses on earnings and récover
and its derivatives’. Alternatively, one can also use a polynomial function to estimate
the price responses on earniff§<Given the estimates df and4/, the model simplifies

to the following estimated likelihood function for a given sample of earn{ng$_, ,

ik (0, ma,02) = [ - (1= 4"(r) )0 (i = 55'(70) = ),

Oz O
where¢(.) is the p.d.f. of the standard normal. The parameters are the earnings man-
agement cost, the mean of unmanaged earnings and the standard deviation of the
unmanaged earnings.

Using earnings surprises as a proxy for reported earnings and cumulative abnormal
stock return as proxy for price response, an estimate the market response fgniction

plotted in Figureb.

23For example, Bird, Karolyi and Ruchti (2019) define stock returns as a k-order polynomial function of
earnings surprise and an additional j-order polynomial function of earnings surprise if the manager meets
or beats analysts’ forecast.
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Figure 6: Earnings Response Functions
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Estimation results in BCLL show that earnings management (the difference between
reported earnings and unmanaged earnings) is on averégeof the equity, which is
modest in general. The cost of earnings management has increased b abhqér-
cent after SOX, implying that the post-regulatory environment made it more difficult to
manage earnings. However, the average earnings management only slightly decreases,
because the benefit from the capital market increased in the post period. With the esti-

mates, we can also recover the implied reporting biasitfy:) — = = gﬁ’(}?(x)):
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Figure 7: Implied Earnings Management

Panel A: Pre-SOX Period Panel B: Post-SOX Period
147“073 1451073
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Earnings Surprise Earnings Surprise

Figure 4 from BCLL. Implied earnings management is obtainedby) — = = g’y’(f%(x)), wheref is
estimated using maximum likelihood estimation. Panel A presents the implied earnings management in the
pre period (1990-2001) and Panel B presents the implied earnings management in the post period (2003 -
2014). The shaded areas are confidence intervals for one standard deviation. Both Earnings surprise and

implied earnings management are scaled by the beginning-of-the-year book value of equity.

While in BCLL, investors can extract the bias from reported earnings, this approach
can be generalized to models as in Fischer and Verrecchia (2000) in which the addi-
tional noise contaminates investors’ inference process. Bertomeu, Li, Cheynel and Liang

(2022a) expand on this model assuming that the

R(r.y) € argmaz, y(r) — (s — ). 79)

wherey represents a random incentive privately observed by the manager and drawn from

a normal distributionV (m,,, 03), implying a revised bias

b(r) = (&) (67/(r)) = 5ube'(r). (79)

Unfortunately, this bias is no useable to compute the likelihood since it dependdhan

is unobservable to the econometrician. To estimate the model, Bertomeu et al. (2022a)
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rely on additional information from observed misstateménts:;), wherev; € {0,1} is
a binary variable indicating the occurrence of a misstatemenvand R is a detected
misstatement. The probability of detecting the misstatement is assumed to be a function
C(b(rs)).-

Under these assumptions, for a given set of parameters, one can simulate a distribution
of biases conditional on a repatt from ([(Z9), which implies a likelihood of detection
by taking the expectatioR(((b(r;))) in Z and an implied distribution of misstatements.
Parameter estimates can then be obtained by minimizing the difference between the joint

distribution of detected misstatements and earnings in the data, and its model analogue.

7.2 Dynamic Price Incentives

Building on Holmstdm (1999), Beyer et al. (2019) (hereafter BGM) estimate a model
of misreporting model where, as in Dye and Sridhar (2008), GAAP earnings introduce
random noise. Consider below a simplified version of BGM. The firm’s unknown funda-

mental isf, and evolves as an AR(1):
0r = pbi—1 + e, (7.10)

wheres; ~ N (0, 02) is white noise. The manager privately observes true earajng9;,
equal to the fundamental. However, the market only observes the manager'srgeport
which may be manipulated. The manager’s payoff in petigdgiven by

bt — g(rt — € — Ct)27 (7.11)

wherep, = BE(0¢|r1, 72, ...,7) = BE(6;) and(; ~ N (0, a?) is another white noise term
capturing random differences between the report fully compliant with GAAP (; and

which would imply a cost of zero, and the true economic fundament&onjecturing a
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linear reporting strategy, by Bayes’ rule, the price must evolve as

e = pi—1 + Bye(re — B (1)), (7.12)

where~, is an endogenous coefficient which may depend on a history of past reports.

Maximizing the manager’s objective in equati@T) leads to the equilibrium strategy

_ P
C

+€t +§t (713)

Ty

Since the price responsg is a time-varying but deterministic variable, the market
observes a noisy signal of the fundamentals. We focus on the steady state of this model
where, after enough periods, the new uncertainty due to the innovation in fundamentals
is exactly offset by learning from the rep&ftFormally, denotings2 as the steady-state
posterior variance df;, the price response coefficient is constant and given by

_ Covq(r,0;)  pPoj+ o2

Ve = (7.14)

Var,_i(r,)  p?os+o.+ a?'

To characterize the steady-state posterior varianée iaiplied by (ZT14), one may note
that forming an expectation f& maps to learning about a hidden Markov chain from a
sequence of normal signals. This problem is known as Kalman filtering (Kalman 1960)

and implies the following property:

COUt_ 1 (Tt s Qt)z
Vary_q(ry)

VCLTt(et> = Vart_l(ﬁt) — (715)

which, joined to ZT4), simplifies to a single equation that determines elgeilibrium

24Beyer et al. (2019) show that, in a finite horizon model as the number of periods increase, the coeffi-
cients of the price response and residual uncertainty will converge to the steady-state. Practically, one solves
for the steady-state by dropping the time-dependence on all time-varying coefficients.
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residual uncertainty (and, hence, the price response):

(p*of + 02)°
p*oi + o2 + 02'

2 2 2 2
Og =p 0y +0, —

(7.16)

To estimate the model, it is useful to derive the model implications about the rela-
tionship between prices and reports. Unfortunately, the compdientr;) in the price
equation [T is time-varying and cannot be recovered directly from the data. Hence,

Beyer et al. (2019) solve for this term using the structure of the model:

Ei_1(r) = ]Etfl(@ +p0 1+ +G) = @ +pEi1(6i-1). (7.17)
c C ——
=Pt—1
Plugging this into the price equation, one arrives at
P = pr—1 +YB(re — ﬁ—g - %pt—l)- (7.18)

This model predicts a price that is a deterministic function of the report and the pre-
vious period’s price. This is of course a prediction that would fail empirically as prices
are noisy proxies of fundamentals; to be more explicit, there is a price discovery process
that is not being captured in the structural model. Hence, to make the model amenable
to empirical testing, one can add a noise tesnto the above equation and arrive at the

following ARMAX model:

Pt = Bo + Bipi—1 + Bore + vy (7.19)

There are several ways of estimating this model. For example, one can estimate the

values of3, = —(BV)Q,ﬁl = 1—p andf, = (7. Note that this is a system of three

C

equations in four unknown§s, ~, p, ¢), so the linear model is not sufficient to identify

the structural parameters. To address this problem, a common approach is to think about
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conditional identification, writing first all parameters as a functiop,dh the sense that
one can infery, 4, andc from (Z19) if p is known. Only a single additional equation is
needed to recover and given that the pricing equation is primarily based on investors’
Bayesian pricing, it is natural to seek identificationgofrom the investor’s optimal re-

porting strategy. Rewriting the process foiin ((Z_L3),

T = ﬁ—: + pri1 — pG—1 + & + G, (7.20)

which is a simple ARMA process and yields estimates/fas well as the remaining noise

termso? ando?.

7.3 Dynamic Models of Detection

This last application focuses on the use of value functions to estimate dynamic struc-
tural models with a full solution approach. The model developed here is based on a
simplified version of Zakolyukina (2018}. The most important economic features of
this model are that (1) manipulations are subject to random detection, (2) managers suffer
a fixed and variable penalty when detected, (3) manipulations reverse in the next period,
and (4) managers are forward-looking and consider the possibility of future detections. In
addition, the approach assumes that concerns for manipulation are not a first-order deter-
minant of compensation arrangements - i.e., manipulation is not so severe that it would
substantially distort incentives. Hence, the problem can be formulated as maximizing the
discounted payoff of manipulated earnings.

In the full model, variation in incentives may be due to many observable factors such

as variation in wealth, risk-aversion or nearing retirement. To simplify the mod#d to

25The development of this model incorporates additional insights from dynamic misreporting with noise
in the reporting process in Terry, Whited and Zakolyukina (2018) and McClure and Zakolyukina (2022).
This type of model also has implications for productive efficiency - however, these require additional de-
velopments of neo-classical investment theory with incomplete information and is beyond the scope of this
section: we refer to Terry (2015) and Terry et al. (2018) for recent treatments of these questions.
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essential building blocks, we use below a random incentives formulati@frischer and
Verrecchia (2000) in which all factors are represented as a random shock to incentives.
Time is indexed by = 0, ..., co with the manager starting employment at date 0.

The manager achieves a per-period payoff

T = (e + €)(br — bi—1) — g:Ce(by), (7.21)

wheree, ~ N(0,1) is ani.i.d. shock to incentives, is manipulation at datewhich, after

the reversal from the prior period manipulation, increases the manager’'s compensation by
(b;—b:—1), g: iIndicates a binary detection (to be defined later),&il) is a manipulation

cost. A manager who has manipulated at tinge ¢ — 1, but has not been detected yet,

has a probabilityy € (0, 1) of being detectedg¢ = 1), and then bears a legal penalty
Ci(by) = Ky + Kab? /2, (7.22)

which includes a fixed componert and a variable componentb?.

After observing;,, the manager choosésto maximize

o0

Vi=E()_ 8" ' mile), (7.23)

t'=t

whereE,(.) represents the expectation with respect to all information about past manip-
ulations and can be summarized as a diatéd undetected manipulation and the current
incentive shock;. Dropping time indices, we can then write the expected discounted
payoff V' (b) to the manager given a manipulatiom the prior period before the incentive

shocke is observed (and létdenote the current period):

V(b) = E(mbzlxx (pe€) (V) = b) = vd'C(V) + B(1 — d' +~d")V(0) + Bd'(1 — )V (V/)(7.24)

SO
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whered’ = 1,020 IS equal to one when there is a non-zero manipulation in the prior
period or the current period.

To numerically solve this model, the usual approach is to discretize the state space on
agridB = (b)), andFE = (¢;)?_, and start from a guess about the value function. For
example, a straightforward guess in this problem is that the manager does not manipulate,
which impliesV?(b) = V(0) = 0. Then, value function iteration prescribes to repeatedly
update these value functions usivigf.) andVj in lieu of V'(b) andV/(0) in the right-hand
side of ({Z3). At each iteration, for each of the state@nde;, the optimal policyy’ € B
is calculated and an average expected payoff over the grid of slkasksalculated to
recover an updated value functidiit!(b;). Once all states; € B have been considered,
Vitl(.) forms the new conjecture to use instead/df.), until a stopping criterion in the
form of a norm||V*! — V|| sufficiently small indicates convergence to a solution of the
dynamic program.

It is nevertheless rarely a good idea to jump directly into the estimation of a dynamic
model without first forming intuition over the theoretical model. For this reason, we
explore below some of the theoretical properties of the model. A common tool is to apply
the envelope theorem on the Bellman equation to rectVgr). The envelope theorem
states that the maximum in the right-hand sidelo®§) can be differentiated holding all
other variables fixed. In the current problem, the right-hand side is differentiabié ff,
which yieldsV’(b) = —pu.. Intuitively, the manager bears a cost (or benefit) of reversal
equal to the expected incentive shock times per unit of manipulation.

This property also implies that the value function is lineab ifior any non-zerd)
with a general form:

V(b) = 1p=0Vo + LpzoVi — peb, (7.25)

wherel, = V(0) andV; = V(1) + p. are two constants that do not dependhon

The payoff of the manager when choosing the optimal manipulation strate@y?# (
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can then be calculated as a function of these constants. A chadite-df yields a payoff

o(b, €) = —vy1lprors + BVo — b(pe + €), (7.26)

while a choice of’ # 0 yields a payofflI(b, ¥, ¢) concave and differentiable . This
latter expression can be maximized by taking a first-order conditiéhawmer the brack-

eted expression iZ{Z4) which, using thal”’(v') = — ., implies

e + € — Bre(1 —v) — V'yre = 0. (7.27)

A greater probability of detectiof or manipulation cosk, reduces manipulation. Solv-
ing (ZZZ7) for ' and reinjecting intdI(b, V', €) implies a payoff from a non-zero manipu-

lation

Lo, BO=DFDre e (7.28)
2vka Y2

H1 (b, 6)

wheref is a constant that does not dependear b and whose expression is skipped to
save spacé

The difference

1 1— — 1))
A0 = (b~ 0) = o+ - PI=IMectpay—%; (7.30)

captures the net benefit of non-zero manipulation and is illustrated in Rdgure
The quadratic term im implies that the manager is more willing to manipulate for
large incentive shocks because the benefit of greater manipulation offsets the penalties.

Two additional properties of this model are essential to understanding the onoaie!

26The constang is similarly obtained from the first-order condition Ii¢7) and is equal to

By —1) +1)%e
2vKg

§ = —bpe —vh1 + + ByVo + Vi (B — B7). (7.29)
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Figure 8: Net benefit of manipulatiah(b, ¢)

titative predictions about manipulation dynamics. A greater fixed penalipcreases
the cost of starting of manipulation streak, and thus favors a choice of zero manipulation
IIy(b, €). In addition, the term,~, in (ZZ30) implies that, when the manager starts ma-
nipulating and is already at risk of detection, manipulation becomes more likely in the
next period. This parameter thus leads to strings of manipulation instead of uncorrelated
single-period occurrences.

A useful exercise to understand the properties of the model is to simulate observables
from the solution of the model. To conduct this simulation, we start from the &tate
0, draw an incentive shock apply the policy functiorb obtained from solving{23),
randomly draw a detection and then update to the next state. Fgulots a career of 30
time periods; he manager does not manipulate up to period 10, then over-reports for two
periods only to revert to no-manipulation for three periods and this over-reporting spell
is never caught. Then, the manager alternates between over-reporting, under-reporting
and, ultimately, escapes detection by reverting to no manipulation at time 25. In the final

periods, the manager starts of new spell of manipulation, and is finally detected, so that
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the spell of manipulation from period 26 to 29 is revealed. The observable is then the solid
curve and will show, empirically, one restatement announcement and three manipulated
periods, even though the manager manipulatedut of 30 periods.

Note that the theoretical analysis can also be used to simplify the numerical solution

of the model, by observing that

V(b) = E(max(Ily(b,€), 111 (b, €)) — by, (7.31)

with a right-hand side that depends only on the two unknoWgnandV; rather than the
entire functionV'(b). Hence, one can also solve here a simplified Bellman equation by
evaluating it ab = 0, 1 to obtain two equations in two unknowns.

We turn next to the identification of the model from observational data about detected
misstatements. Identification refers to whether observable features of the data can be

uniquely by one set of parameter values in the model. The ideal method to establish
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identification is to prove analytically that there is an injective mapping from features of
the data to parameters but, unfortunately, such proofs are typically infeasible in dynamic
models because the models can only be solved numerically. Identification nevertheless
poses certain challenges because a model that is poorly identified may pose certain prob-
lems such as failing to yield parameter estimates or standard errors or, more commonly,
extreme sensitivity to numerical methods, samples or functional forms. Thus, researchers
may wish to gain confidence that the estimation procedure suitably identifies the parame-
ters of interest with feasible procedures that would detect some (but not all) identification
problems.

The first approach involves simulating the model for many possible parameter values
a-priori plausible and, using the simulated “laboratory” dataset, assess whether an econo-
metrician unaware of these parameter values would be able to correctly recover these
values. This procedure is thus a numerical analogue to proving identification theoreti-
cally but is only feasible for simple models in which estimation is fast and, therefore, a
large enough subset of values can be explored.

To illustrate this approach, let us simulate a dataset ¥itti00 observations using
a true parametet, = (.1, 3,3). Note that, since identification is an asymptotic property
and our objective here is not to assess the noise of an estimation procedure, we do not
need to use here the same number of observations as the empirical dataset. The number
of observations that can be used could be smaller than the data if the process of simula-
tion is computationally intensive or larger if more precise estimates are needed to assess
identification. One benefit of this method is that it is useable for any estimation method,
even methods such as likelihood-based method that do not always have a straightforward
intuition for the identification. But it is only practical for problems with a fast estimation
procedure as re-estimating the model over a very large parameter space is infeasible for
many problems.

We illustrate this method below in a simplified estimation problem, in which we would
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| Method \ Estimate | Objectig | Time |

fminsearch, initialized &, (0.10, 3.222.78) .000 93s
fminsearch, initialized at.2,2,2) | (0.08, 3.464.69) .018 105s
particleswarm, narrowearch (0.10, 3.12.80) .000 2,255s
particleswarm, widsearch (0.10, 3.4@.77) .000 1,933s

Table 1: Convergence of search methods

like to estimate three parameters: the probability of detectiaa well a the two penalty
parameters; andx,. All other parameters are assumed to be known. Note that, because
identification is an asymptotic property and we are not interested in assessing sampling
noise, it may be desirable to use a larger number of observations to be able to disentangle
sampling noise from an identification problem.

Consider an estimation method in which we match the following vector of moments
mo: (@) the frequency of detected restatement years, (b) the probability of a detected
misstatements conditional on a detected misstatement in the prior period, and (c) the mean
restatement. The reason for choosing these moments will become clearer when applying
the second approach but, for now, let us ask if the econometrician would be able to find
out these three parameters.

The econometrician can use a simple method of moment procedure by calculating the
sum of squared differences between moments in the data, versus moments implied by the
model. In the current model, it is easiest to compute moments of the model by using the
same simulation code, which yields(#). The estimation procedure is to fildo match
the moments:

0 e min(my — m(0))'(mo — m(9)). (7.32)

Itis preferable to conduct this exercise using a local search algorithm with starting val-
ues points sufficiently far away frofly, or, when possible, use a global search algorithm

with wide enough space.
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To conduct this procedure, we solVEZ?) and recoved using Matlab. In Tabldl,
the results are given using multiple search algorithms: (i) a fast local search algorithm,
fminsearch, starting &, (ii) the local search algorithm but starting from a more distant
valued = (.2,2,2), (iii) a global search algorithm, particleswarm, with a narrow search
window from (.05, 1, 1) to (.2, 5, 5), (iv) the global search algorithm with a wide search
window (0,0, 0) to (1,10, 10). Identification will fail if the minimum to the objective
function is attained for values different frofp; in addition, the exercise can draw caution
for some numerical methods if the search algorithms converges to a local minimum. In
this analysis, constrained global and local search close enoughrecover the true
parameter value. However, the analysis shows (a common feature in structural models)
that global search without “help” on bounding the parameter search or local search from
values that are too far from the data-generating process will fail to find an optimum.
This problem is easily identified here by an objective function that is very different from
zero; however, it is more difficult to diagnose if there are more moments than parameters.
Because the objective function is rarely convex, inadequate local search algorithms (or, for
that matter, global search algorithms with constraints that are too wide) can find incorrect
parameter values.

This issue can imply that researcher priors about where the true parameters may lie,
by explicitly or implicitly restricting the search space, may affect conclusions. This can
be a benefit or cost, depending on one’s point of view on the role of priors in scientific
analysis. In all cases, making priors as explicit as possible (by making the search rule
clear), rather than embedding them into a black box of numerical optimization, is always
preferable.

A limitation of this approach is that it does not explain why the model is identified,
and therefore does not guarantee that the estimation procedure is ideal for the model. For
example, the model may be, in principle, identified from functional forms but, in practice,

missing on other moments or other data features that pin down the economic mechanisms
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Figure 10: Moments in Simulated Data

of the model.

A second approach is to draw intuition about identification from the properties of the
theoretical model. The detection parametéas the simplest and maps directly to a fre-
guency of detections observed empirically. The second paramgtgas shown in the
theoretical analysis to lead to misstatement streaks, because &, higluces managers
to be relatively more likely to manipulate again after an undetected manipulation. This
parameter is therefore linked to the conditional probability of detected manipulation con-
ditional on a detected manipulation in a prior periods. Lastly, the parametaptures
the disutility from increasing manipulation, and thus maps to the average manipulation.
To assess these comparative statics quantitatively, it is useful to plot the moment as a
function of their theoretically linked parameters. A non-monotonic or flat relation is a
threat to identification. Figur@D below suggests no obvious threat to identification.

Note that while both methods can only serve as necessary conditions to check for
identification, they are, from an applied perspective, extremely powerful tools to detect
failures of identification that may not be obvious in a complex models with many vari-
ables and moments. To give an example, consider the same problem but with a mean
shocku, = 0; in this case, it is easily verified analytically that that the manager should

be equally likely to manipulate upwards or downwards, and, therefore, the mean manip-
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ulation is zero regardless af. We are then left to identify three parameters with only
two moments and identification is no longer possible. Even without a full understanding
of the model, this problem is revealed by the two methods used above. First, a plot of the
expected manipulation in the simulated data reveals that the moment is flat around zero
(as expected theoretically), demonstrating that the moment does not adequately identify
ko. Second, when running the global search algorithm in Téjdllee algorithms settles at

(.12,9.22,.75), which conclusively suggests that the estimation fails.

8 Concluding Remarks

Accounting is concerned with the management of financial and managerial informa-
tion. This is a rich and exciting area but it presents a notable challenge because informa-
tion responds to economic problems unobserved to the researchers or market participants.
Therefore, reduced-form facts that document how agents design and use information can-
not be interpreted without a clear theory of the economics of the problem being solved,
implying that, more than any other field, research in accounting that aims to go beyond
fact documentation requires a solid understanding of theory.

The unprecedented growth of structural models in accounting are a revolution in the
intellectual foundations of an area that has been historically descriptive (Gow et al. 2016).
The methods present an opportunity to think not as story-tellers but as academics being
precise about the economic forces connecting accounting and economic problems, in a
manner that allows to understand the decision problems being solved by agent. As any
subfield in fast development, there is still limited knowledge about what frameworks are
likely to be better suited to explain the data, or even which empirical methods are best
suited to theoretical problems relevant to accounting. In this respect, one should be open
to explore multiple theories and methods, until a greater body of knowledge is being built.

That will involve borrowing from areas in finance, marketing and economics, in which
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structural has had an enormous influence, but will likely require to adapt the models and
methods to make them amenable to new accounting questions.

In this survey, we have shown that the development of these methods has been quickly
advancing in four principal areas of general audience interest: agency theory, disclosure
theory, earnings management, and auditing. Yet, there are many other important account-
ing questions that do not easily fit within these areas, and the methods and examples
developed here should serve as flexible tools and call for more research on many other

central topics of accounting research.
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